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1. Introduction

Semileptonic decays of B and D mesons have a central place in lattice phenomenology of
the Standard Model. They are processes with single, stable mesons, and so are among the most
tractable of current lattice calculations. They are of crucial importance in determining Standard
Model parameters: they can pin down four elements of the CKM matrix. D semileptonic decays
are of particular interest now because CLEO is measuring them more accurately than ever before (a
few per cent). B semileptonic decays are of interest because they feed directly into the analysis of
the unitarity triangle. We are making a study of these decays with unquenched improved staggered
fermions, following the general approach begun in Ref. [1]. Results for D mesons were reported
in Ref. [2]. Earlier results were reported in Ref. [3]. Note also this year’s plenary review at Lattice
2005 by Okamoto.

2. Methods

We use O(a) improved clover heavy quarks with the Fermilab interpretation [4]. We use O(a2)
improved, “asqtad” light quarks [5] and O(a2) improved glue. Our main results employ the asqtad
“coarse” data set, with lattice spacing a = 0.121 fm., volume=203× 64, and light quark masses
ml=0.12-0.3 ms. The data sets for each light quark mass contained around 500 configurations
each. We used four separate time sources on each gauge configuration. No correlations were
visible between the time sources. Staggered chiral perturbation theory [6] was used in the chiral
extrapolations. One-loop lattice perturbation theory [7] was used, with a nonperturbative estimate
of the current renormalization following Ref. [8].
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Figure 1: The form factor fperp for B semileptonic
decay. The Bećerivić-Kaidalov function was used to
interpolate to fiducial values of the energy. The anal-
ogous graphs for D decay are given in Refs. [2] and
[3].
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Figure 2: The same as Fig. 1, but for f‖.
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In the main analysis, for a given light quark mass, the Bećirević-Kaidalov parameterization
of the form factors [9] was used to interpolate the form factors to fiducial values of the energy, as
illustrated in Figs. 1 and 2. These interpolated form factors were then extrapolated to the physical
quark mass, as shown in Figs. 3 and 4.
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Figure 3: Chiral extrapolation of fperp.
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Figure 4: Chiral extrapolation of f‖.

To check whether the use of the BK parameterization introduced any model-dependence into
the results, we redid some fits, replacing the two-stage fit (energy interpolation followed by chiral
extrapolation) with a two-dimensional fit in energy and quark mass simultaneously. Results were
consistent, but with larger statistical errors in the two-dimensional fit, especially in the high pion
momentum region, as shown in Figs. 5 and 6. The difference is used as an estimate of uncertainty
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Figure 5: The form factors for D semileptonic de-
cay obtained with a two-dimensional chiral and E2

fit compared with those obtained with Bećirević-
Kaidalov based energy interpolation, followed by chi-
ral extrapolation.
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Figure 6: The same as Fig. 5, but for B decay.
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due to the BK parameterization. The BK-based fitting produces reduced statistical errors in the
high-momentum region, at the cost of introducing possible model dependence.

As a preliminary check for discretization errors, the form factors for decay into relatively
heavy u and d quarks have been compared on the asqtad coarse and fine (a = 0.086 fm) lattices.
Results agreed within statistical errors. Discretization uncertainties were estimated with HQET
power counting, and are our largest current uncertainty. Analyzing form factor data on a larger
range of lattice spacings is likely to give the greatest future improvement in our uncertainties.

3. Preliminary results

Preliminary estimates for the uncertainties in CKM matrix element determinations are shown
in Table 1. Comparing predictions with experiment, we obtain for the CKM matrix elements:

|Vub|×103 = 3.48(29)(38)(47), (3.1)

|Vcd | = 0.239(10)(24)(20), (3.2)

|Vcs| = 0.969(39)(94)(24), (3.3)

where the errors are statistical, systematic, and experimental.
If we instead use the accepted values of the CKM matrix elements as inputs, we obtain for the

D meson decay rates

Γ(D0 → π
−l+ν) = (7.7±0.6±1.5±0.8)×10−3ps−1,

Γ(D0 → K−l+ν) = (9.2±0.7±1.8±0.2)×10−2ps−1,

Γ(D0 → π−l+ν)
Γ(D0 → K−l+ν)

= 0.084±0.007±0.017±0.009, (3.4)

where the errors are statistical, systematic, and from CKM matrix element.
After the publication of our results for the q2 dependence of the D→ Klν form factor, a high-

statistics measurement of the shape appeared from the FOCUS Collaboration [10]. As can be seen
in Fig. 7, the results agree well.

Table 1: Systematic errors for CKM matrix elements from the semileptonic decays. Errors for Vub decay
are obtained from the integration with q2

min = 16 GeV2.

decay D→ π(K)lν B→ πlν
CKM matrix element |Vcd(s)| |Vub|
discretization effect 9% 9%
fitting 3- and 2-point functions 3% 3%
chiral extrapolation 3%(2%) 4%
q2 dependence (BK parameterization) 2% 4%
current renormalization 0% 1%
a uncertainty 1% 1%
total systematic 10% 11%
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Figure 7: The form factors in D→ Klν decay, compared with experimental data for f+.

4. Unitarity constraints

Unitarity constraints can be used without introducing model dependence to constrain the shape
of form factors in the high recoil momentum region (where our statistical uncertainties range from
poor to infinite). Arnesen, Grinstein, Rothstein, and Stewart [11] have recently given a lucid expla-
nation. The function

z(t, t0) =
√

t+− t−
√

t+− t0√
t+− t +

√
t+− t0

(4.1)

maps q2 = t > t+ onto |z|= 1, and t < t+ onto [−1,1] in the complex plane. Here, t = (pH − pL)2,
t+ = (mH + mL)2, and t− = (mH −mL)2. t0, taken as 0.65 t− here, is a free parameter adjusted to
center the physical region on z∼ 0.

For the various semileptonic decays, the physical region, 0 < t < t−, is mapped into
B→ πlν : −0.34 < z < 0.22,
D→ πlν : −0.17 < z < 0.16,
D→ Klν : −0.04 < z < 0.06,
B→ Dlν : −0.02 < z < 0.04.

When unitarity is taken into account, the smallness of the physical range of z will constitute
a small parameter that limits the number of parameters required to describe the form factors to a
given accuracy.

In this parameterization, the form factors have the form:

f (t) =
1

P(t)φ(t, t0)

∞

∑
k=0

ak(t0)z(t, t0)k. (4.2)

P(t) and φ(t, t0) contain most of the complexity of the form factors. Unitarity requires simply that
∑a2

k < 1. In B semileptonic decay, just five terms in the series are necessary for 1% accuracy.
Fitting three points of our raw data for f+ at ml = 0.02 (red squares in Fig.8 ), we obtain from
the fit (shown without error bars as a green line) good constraints on the form factor beyond the
region where we have data. (Two sample points are shown with error bars as blue circles. The
leftmost blue point corresponds to a recoil momentum of around 1.7 GeV.) (Our data end at recoil
momenta of around 1 GeV.) We are currently examining a simultaneous fit of f+ and f0, and the
use of unitarity-based interpolation parameters to supplement or replace.the BK-based fitting.
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Figure 8: A fit (green line) of our data (red squares) for f+ normalized by P(t) and φ(t, t0), as a function of
z(t, t0). Unitarity-based extrapolation of our data into the high recoil-momentum region (blue circles) gives
useful constraints beyond the range of the lattice data.
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