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Excited heavy-light systems and hadronic transitions

M. Di Pierro and E. Eichten
Fermilab, Batavia, Illinois 60510

~Received 23 April 2001; published 31 October 2001!

A detailed study of orbital and radial excited states inD,Ds ,B, andBs systems is performed. The chiral
quark model provides the framework for the calculation of pseudoscalar meson (p,K, . . . ) hadronic transi-
tions among heavy-light excited and ground states. To calculate the excited states masses and wave functions,
we must resort to a relativistic quark model. Our model includes the leading order corrections in 1/m(c,b) ~e.g.,
mixing!. Numerical results for masses and light hadronic transition rates are compared to existing experimental
data. The effective coupling of the chiral quark model can be determined by comparing with independent
results from lattice simulations (gA

850.5360.11) or fitting to known widths (gA
850.8260.09).

DOI: 10.1103/PhysRevD.64.114004 PACS number~s!: 12.39.Ki, 12.38.Gc
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I. INTRODUCTION

Although heavy quark spectroscopy is now a rather m
ture subject, a number of interesting issues remain. In
ticular, the detailed properties of the excitation spectrum
heavy-light mesons (D,Ds ,B,Bs) and their light hadronic
transitions are yet to be fully understood. Experimenta
much of this excitation spectrum remains to be observ
Only the ground stateS waves and a few of thej l53/2 P
waves are presently well established. However, many
these states will be accessible in the present and futuB
factories: CLEO, BaBar, Belle, Collider Detector at Fermil
~CDF!, D0, BTeV, and CERN Large Hadron Collider~LHC
B!. In addition to furthering our understanding of QCD d
namics, the detailed study of these excited states may h
practical benefits. For example, triggering on excited sta
may provide an efficient method of same sideB tagging in
hadron colliders. Tagging is essential to the study ofCP
violation in theB system.

The theoretical tools available to determine the proper
of excited states in heavy-light systems include heavy qu
effective theory~HQET! and low energy chiral effective
theory @1#. Unfortunately, these tools are not sufficient
determine the detailed properties of these states. La
gauge theory is the only existing technique that allows
systematic study of all the aspects of QCD in heavy-lig
systems. Detailed studies of theP-wave excited heavy-ligh
states within the quenched approximation already exist@2#.
Future lattice studies will provide more insight into the n
ture of QCD dynamics as well as the masses and static p
erties of heavy-light hadrons.

It is clear that a model to estimate the hadronic transiti
from excited state to ground states would also be very use
Such a formalism has been developed and applied ex
sively to transitions in heavy-heavy (Q̄Q8) systems@3#.
However, heavy-light mesons are more difficult because
light quark is subject to the full nonperturbative QCD d
namics. One possible approach to providing a framework
these hadronic transitions is to use the chiral quark mo
@4#. This has been suggested by Goity and Roberts@5#.

In this paper we closely follow the work done in Ref
@5–7#. To compute the masses and wave functions of
0556-2821/2001/64~11!/114004~20!/$20.00 64 1140
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excited states we use a Dirac equation for the light quark
the potential generated by the heavy quark~including first
order corrections in the heavy quark expansion and mix
effects!. We then use these masses and wave function
compute the hadronic decay amplitudes of excited heavy
sons in the context of a chiral quark model@4#.

The main differences between the present and prece
works are in the choice for the parameters of the chrom
electric potential and in the inclusion of mixing effects bo
in the spectrum and in the decay amplitudes. Moreover,
use our results for the radial wave functions of the exci
mesons to make a comparison with recent lattice resu
From the comparison we extract an estimation forgA

8 , the
effective coupling of the quark to the pseudoscalar meso
We find gA

850.5360.11.
We present numerical results for the low-lying spectru

~excited states up to the 3S states!. We also compute the
pseudoscalar meson hadronic transitions for these states
function of the chiral quark model effective coupling co
stant. Comparing our results with recent experimental wi
measurements we estimate this effective couplinggA

850.82
60.09.

In Sec. II we discuss our determination of the spectrum
excited states. Our notation, the choice of the potential,
clusion of mixing and other order 1/mh corrections are ex-
plained. Details of the masses and wave functions are
sented for the low-lying excitation spectrum. A comparis
is made with the present experimental data. Our treatmen
hadronic decays is described in Sec. III. The analytic res
are summarized in Eqs.~31!–~33!. Explicit expressions for
the coupling coefficients appearing in these equations
given in Appendix A. Also in Sec. III, details of the partia
rates for the 1S and 1P states in theD,Ds ,B andBs systems
are presented. Again comparison is made with the pre
experimental data. A complete list of the remaining resu
for masses and partial decay widths is reported in Appen
B.

II. SPECTRUM

A. Basic model and notation

The general Hamiltonian of the heavy-light system can
expanded in powers of (1/mh)
©2001 The American Physical Society04-1
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H5H (0)1
1

mh
H (1)1

1

mh
2
H (2)1 . . . . ~1!

However, even within the heavy quark limit, the gene
form of the zeroth order Hamiltonian,H 0, still involves the
full nonperturbative QCD dynamics for the remaining d
grees of freedom~including light quark pair creation an
gluonic degrees of freedom!. At present it cannot be solve
analytically. We are forced to resort to use a relativistic p
tential model forH 0.

We model the most general heavy-light meson~in the
D,Ds ,B,Bs family!, H, as a bound state of a light quark~q!
and a heavy quark (h). The heavy quark is treated as a sta
source of chromoelectric field and the only quantum num
associated with it is its spin. The light quark is treated re
tivistically and its state is described by the wave functi
cn,l , j ,m(r ,u,w). In analogy with the hydrogen atom, we in
troduce the following quantum numbers:

n, the number associated with the radial excitations;
l , the orbital angular momentum;
j , the total angular momentum of the light quark;

m, the component ofj along theẑ axis;
J, the total angular momentum of the system;

M , the component ofJ along theẑ axis;

S, the spin of the heavy quark along theẑ axis.
The parameters of our model are the masses of the

quarks (mq for q5u,d or s), the masses of the heavy quar
(mh for h5c or b) and the chromoelectric potential of th
heavy quark@V(r )#.

The total wave function of the system can be decompo
as follows:

Cn,l , j ,J,M~r ,u,w!

5 (
SP$2 1/2 ,1 1/2%

Cj ,m;1/2,S
J,M cn,l , j ,m~r ,u,w! ^ jS

~2!

where Cj ,m;1/2,S
J,M are the usual Clebsch-Gordan coefficien

and jS is a two component spinor representing the hea
quark. Equation~2! is a solution of the following eigenvalu
problem:

HCn,l , j ,J,M5En,l , j ,JCn,l , j ,J,M ~3!

whereH is the Hamiltonian of the system. The energy lev
in Eq. ~3! do not depend onM because of rotational invari
ance.

We rewrite Eq.~2! introducing the most general param
etrization for the four spin components of the light qua
wave function
11400
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Cn,l , j ,J,M~r ,u,w!5 (
SP$2 1/2 ,1 1/2%

Cj ,m;1/2,S
J,M

3S i f n,l , j
0 ~r !kl , j ,m

1 Ym21/2
l ~u,w!

i f n,l , j
0 ~r !kl , j ,m

2 Ym11/2
l ~u,w!

f n,l , j
1 ~r !k2 j 2 l , j ,m

1 Ym21/2
2 j 2 l ~u,w!

f n,l , j
1 ~r !k2 j 2 l , j ,m

2 Ym11/2
2 j 2 l ~u,w!

D ^ jS.

~4!

Here Ym
l (u,w) are spherical harmonics that encode the

gular dependence whilef n,l , j
0 (r ), f n,l , j

1 (r ) are real functions
that encode that radial dependence.kl , j ,m

1 andkl , j ,m
2 are fixed,

up to an overall phase, by imposing a normalization con
tion. Our choice of the phase is such that

kl , j ,m
6 55 1

Al 6m1
1

2

2l 11
for j 5 l 1

1

2
,

6
Al 7m1

1

2

2l 11
for j 5 l 2

1

2
.

~5!

B. Choice of the potential

Within our basic framework,H (0) is given by the relativ-
istic Dirac Hamiltonian

H (0)5g0~2 i ]”1mq!1V~r ! ~6!

and the rotational-invariant potential is the sum of a const
factor (Mh), a scalar part (Vs) and~the zeroth component of!
a vector part (Vv)

V~r !5Mh1g0Vs~r !1Vv~r !. ~7!

The constantMh is a an overall energy shift that depends
the heavy quark flavor and, in general, it is not equal tomh ,
as often assumed in the literature. For this reason we c
sidermh andMh two independent parameters of the mod

Asymptotic freedom suggests that at short distances
potential is dominated by a vector part that asymptotica
approaches a Coulomb potential,V;Vv;1/r . On the other
hand, lattice simulations indicate that at large distances
potential is confining, scalar and asymptotically linear,V
;Vs;r .

The naive assumption about a short distance Coulo
like divergent behavior of the potential is doomed becaus
gives rise to ultraviolet divergences~as discussed in Ref.@8#
and Ref.@9#!. In this context the divergence arises in th
1/mh correction to the energy and it is due to the incons
tency of a static point-like source~the heavy quark! within a
relativistic framework. One solution is assuming that t
heavy quark is static but not point-like, therefore the pote
tial that it generates is a convolution of the Coulomb-li
4-2
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EXCITED HEAVY-LIGHT SYSTEMS AND HADRONIC . . . PHYSICAL REVIEW D 64 114004
potential and the square of the heavy quark wave func
~peaked around the center of mass of the system and sme
within some small length scalel21).

More generally, one is allowed to cure this divergence
regulating the potential close to the origin~on a length scale
of the orderl21). Different choices for the regulator ar
allowed and they do not affect the physics we want to
scribe, providing thatl21 is small enough. The values of th
parameters that appear in the Hamiltonian, on the contr
depend on this choice since they run withl. In fact, to obtain
the same spectrum, different choices for the regulator im
different fitting parameters.

We chose to regulate the vector potential by assumin
Gaussian shape for the wave function of the heavy qu
F(x)5exp(2x2l2/2), and with this choice

Vv~r !52
4

3E uF~x!u2
as

ur2xu
d3x52

4

3

as

r
erf~lr !. ~8!

For the scalar potential we assume a simple linear form

Vs~r !5br1c. ~9!

We observe thatc is not a physical parameter since it can
absorbed into the definition ofmq . For this reasonc will be
omitted from now on.

Summarizing, the nine parameters of our model are

as ,l,b,mu ,ms ,mc ,Mc ,mb ,Mb ~10!

wheremu[md andms are mass parameters for the lightu,d
and s quarks, respectively, equivalent to constituent qu
masses shifted by the constant amountc of Eq. ~9!, which is
undetermined in our model.mc is the mass of thec quark
with Mc the corresponding energy shift and analogously
the b quark.

C. 1Õmh correction

For any given set of input parameters we solve the eig
value problem, Eq.~3!, using the Hamiltonian of Eq.~6! and
the potential specified by Eqs.~7!, ~8! and~9!. In this way we
determine the radial wave functionsf n,l , j

0 and f n,l , j
1 associ-

ated with the energy levelsEn,l , j
(0) . We then compute 1/mh

corrections to the energy levels in first order perturbat
theory

En,l , j ,J5En,l , j
(0) 1

1

mh
dEn,l , j ,J

(1) ~11!

where, ignoring for the moment the mixing of the states,

dEn,l , j ,J
(1) 5(

M
E Cn,l , j ,J,M

† ~x!H (1)Cn,l , j ,J,M~x!d3x.

~12!
11400
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The analytical expression forH (1) has been derived in Ref
@6# using the Bethe-Salpeter formalism. In terms of the rad
wave functions~after the analytical integration of the angul
part!, we rewritedE(1) as a sum of three contributions

dEn,l , j ,J
(1) 5An,l , j ,J1Bn,l , j ,J1Cn,l , j ,J . ~13!

These terms are, respectively,~i! the kinetic energy

An,l , j ,J52
1

2E0

`F f n,l , j
0 S ] r

21
2

r
] r2

l 21 l

r 2 D f n,l , j
0 ~14!

3 f n,l , j
1 S ] r

21
2

r
] r2

l̄ 21 l̄

r 2 D f n,l , j
1 G r 2dr

~15!

with l̄ 52 j 2 l . ~ii ! A shift due to spin-orbit interaction

Bn,l , j ,J5E
0

`

VvF f n,l , j
1 S ] r2

l

r D f n,l , j
0 2 f n,l , j

0

3S ] r1
l 12

r D f n,l , j
1 G r 2dr ~16!

for j 5 l 1 1
2 , or

Bn,l , j ,J5E
0

`

VvF f n,l , j
1 S ] r1

l 11

r D f n,l , j
0 2 f n,l , j

0

3S ] r2
l 21

r D f n,l , j
1 G r 2dr ~17!

for j 5 l 2 1
2 . ~iii ! The hyperfine splitting

Cn,l , j ,J5~21!J2 l
2 j 11

2J11E0

`

~] rVv! f n,l , j
0 f n,l , j

1 r 2dr.

~18!

D. Mixing

In Eqs. ~11! and ~12! we assumed that the Hamiltonia
was diagonal. This is not the case because the 1/mh interac-
tion term in the Hamiltonian mixes states. In general corr
tion terms can mix any states with the same total angu
momentum,J, and parity,P. However, there are only two
types of sizable mixings. Large mixing can occur for pairs
statesCn,l , j ,J,M and Cn8,l 8, j 8,J,M with ~1! n5n8, l 5 l 8 and
j 1 1

2 5 j 82 1
2 5 l 5J ~i.e., mixing within a givenn and l mul-

tiplet! or ~2! n115n8, l 125 l 8 and j 1 1
2 5 j 82 1

2 5 l 5J
~e.g.,S-D mixing!. The off-diagonal term in the Hamiltonian
that mixes such pairs of states has the form
4-3
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e5
1

mh
(
M

E Cn,l , j ,J,M
† ~x!H (1)Cn8,l 8, j 8,J,M~x!d3x

5~21!J2 l
1

mh

AJ~J11!

2J11 E
0

`

~] rVv!@ f n,l , j
0 f n8,l 8, j 8

1

1 f n,l , j
1 f n8,l 8, j 8

0
#r 2dr ~19!

and it induces a mixing in the wave functions and in t
energy levels

S cn,l , j ,m

cn8,l 8, j 8,m
D phys

5S 1 1
e

2D

2
e

2D
1
D S cn,l , j ,m

cn8,l 8, j 8,m
D 1O~e2!

~20!

S En,l , j ,J

En8,l 8, j 8,J
D phys

5S En,l , j ,J1
e2

2D

En8,l 8, j 8,J2
e2

2D

D 1O~e2! ~21!

with D5(En,l , j ,J2En8,l 8, j 8,J)/2.

TABLE I. Tabulated spectrum forD mesons.E0 denotes the
lowest order energies.Ephys. includes all the order 1/mh corrections.
~All units are in GeV.! The mixings between lowest order states a
denoted byf.

H(njLJ) mexpt. E0 Ephys. f (%)

D(11/2S0) 1.865 1.895 1.868
D(11/2S1) 2.007 1.895 2.005
D(11/2P0) 2.282 2.377
D(13/2P1) 2.422 2.253 2.417 210.92
D(13/2P2) 2.459 2.253 2.460
D(11/2P1) 2.282 2.490 10.92
D(21/2S0) 2.447 2.589
D(21/2S1) 2.447 2.692 2.17
D(15/2D2) 2.504 2.775 25.41
D(13/2D1) 2.553 2.795 22.17
D(15/2D3) 2.504 2.799
D(13/2D2) 2.553 2.833 5.41
D(21/2P0) 2.683 2.949
D(23/2P1) 2.679 2.995 210.70
D(23/2P2) 2.679 3.035 1.79
D(21/2P1 2.683 3.045 10.70
D(17/2F3) 2.709 3.074 23.17
D(17/2F4) 2.709 3.091
D(15/2F2) 2.760 3.101 21.79
D(15/2F3) 2.760 3.123 3.17
D(31/2S0) 2.823 3.141
D(31/2S1) 2.823 3.226
11400
We find that the effect of mixing is generally negligib
except for theP waves, where the mixing among wave fun
tions can be of the order of 10%. In Tables I–IV we repo
the value off5(100/2)e/D for each excited state. It mea
sures, in percent, the contribution of the mixing to the wa
function.

E. Determination of the parameters and predictions

The nine parameters of our model, Eq.~10!, are deter-
mined numerically as follows: We define a functionF of the
input parameters that finds eigenvalues and eigenfunction
Eq. ~3! using a fourth order Runge-Kutta formula, correc
the energy levels by including the 1/mh perturbative correc-
tions ~including mixing effects! and returns

x25 (
observed states

S En,l , j ,J
phys. 2mn,l , j ,J

dmn,l , j ,J
D 2

~22!

where En,l , j ,J
phys. are the computed energy levels andmn,l , j ,J

6dm are the measured masses~with their experimental er-
ror! of the corresponding particles.

We then minimizeF in its nine dimensional domain. We
repeat this procedure with different sets of starting para
eters until we are confident that we have found the abso
minimum. The experimental data used for the ‘‘observ
states’’ in the fit are reported in the third column of Tabl
I–IV.

Our best fit gives the following values for the paramete

as 0.339

l 2.823 GeV

b 0.257 GeV2

mu 0.071 GeV

ms 0.216 GeV ~23!

mc 1.511 GeV

Mc 1.292 GeV

mb 4.655 GeV

Mb 4.685 GeV.

The corresponding predicted spectrum is reported in Fig
and in the fifth column of Tables I–IV. The best fit param
eters reported here differ slightly from those reported in R
@10# because we use here most recent value formn,l , j ,J .
4-4
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TABLE II. Tabulated spectrum forDs mesons.~All units are in
GeV.! The notation is as in Table I.

H(njLJ) mexpt. E0 Ephys. f (%)

Ds(1
1/2S0) 1.969 1.988 1.965

Ds(1
1/2S1) 2.112 1.988 2.113

Ds(1
1/2P0) 2.374 2.487

Ds(1
3/2P1) 2.535 2.353 2.535 211.62

Ds(1
3/2P2) 2.573 2.353 2.581

Ds(1
1/2P1) 2.374 2.605 11.62

Ds(2
1/2S0) 2.540 2.700

Ds(2
1/2S1) 2.540 2.806 1.97

Ds(1
5/2D2) 2.606 2.900 26.11

Ds(1
3/2D1) 2.648 2.913 21.97

Ds(1
5/2D3) 2.606 2.925

Ds(1
3/2D2) 2.648 2.953 6.11

Ds(2
1/2P0) 2.777 3.067

Ds(2
3/2P1) 2.775 3.114 210.58

Ds(2
3/2P2) 2.775 3.157 1.81

Ds(2
1/2P1) 2.777 3.165 10.58

Ds(1
7/2F3) 2.812 3.203 23.60

Ds(1
7/2F4) 2.812 3.220

Ds(1
5/2F2) 2.857 3.224 21.81

Ds(1
5/2F3) 2.857 3.247 3.60

Ds(3
1/2S0) 2.917 3.259

Ds(3
1/2S1) 2.917 3.345

TABLE III. Tabulated spectrum forB mesons.~All units are in
GeV.! The notation is as in Table I.

H(njLJ) mexpt. E0 Ephys. f (%)

B(11/2S0) 5.279 5.288 5.279
B(11/2S1) 5.325 5.288 5.324
B(13/2P1) 5.646 5.700 26.00
B(11/2P0) 5.675 5.706
B(13/2P2) 5.646 5.714
B(11/2P1) 5.675 5.742 6.00
B(21/2S0) 5.840 5.886
B(21/2S1) 5.840 5.920 0.69
B(15/2D2) 5.897 5.985 21.96
B(15/2D3) 5.897 5.993
B(13/2D1) 5.946 6.025 20.69
B(13/2D2) 5.946 6.037 1.96
B(21/2P0) 6.076 6.163
B(23/2P1) 6.072 6.175 29.11
B(23/2P2) 6.072 6.188 0.50
B(21/2P1) 6.076 6.194 9.11
B(17/2F3) 6.102 6.220 20.99
B(17/2F4) 6.102 6.226
B(15/2F2) 6.153 6.264 20.50
B(15/2F3) 6.153 6.271 0.99
B(31/2S0) 6.216 6.320
B(31/2S1) 6.216 6.347
11400
We remark thatmu andms are mass parameters that diff
from the constuent quark masses for an overall undeterm
constant shift.

As a consistency check of our results we observe that
mass splittingms2mu.140 MeV comes out in agreemen
with naive expectations based on Gell-Mann-Okubo type
lations. This difference also agrees, within 1%, with the c
responding splitting determined in Ref.@6# and used in Ref.
@5# as input for their calculations.

Remarkablymb.Mb with much better agreement tha
expected. Moreover,l21.0.06 fm is smaller than any othe
length scale involved in the problem, as was required.

Figure 2 shows some of the computed radial wave fu
tions for non-strange mesons,f n,l , j

0 (r ) and f n,l , j
1 (r ). These

wave functions do not include 1/mh corrections, therefore
they are the same forD and B mesons. The correspondin
wave functions for strange mesons are very similar.

Figure 3 shows density plots for each couple of indep
dent spin components of some of the computed light-qu
wave functions,u f n,l , j

0 Y0
l u2 in black andu f n,l , j

1 Y0
2 j 2 l u2 in gray.

They represent the analogous, in the heavy meson syst
of the orbitals of the hydrogen atom.

F. Comparison with experiment
The comparison of our results to the present experime

information on the excitation spectrum of the (D,Ds ,B,Bs)
mesons is given in Table V. States which were used in
determining our best fit parameters are so indicated.

TABLE IV. Tabulated spectrum forBs mesons.~All units are in
GeV.! The notation is as in Table I.

H(njLJ) mexpt. E0 Ephys. f (%)

Bs(1
1/2S0) 5.369 5.381 5.373

Bs(1
1/2S1) 5.417 5.381 5.421

Bs(1
1/2P0) 5.767 5.804

Bs(1
3/2P1) 5.746 5.805 27.19

Bs(1
3/2P2) 5.746 5.820

Bs(1
1/2P1) 5.767 5.842 7.19

Bs(2
1/2S0) 5.933 5.985

Bs(2
1/2S1) 5.933 6.019 0.64

Bs(1
5/2D2) 5.999 6.095 22.31

Bs(1
5/2D3) 5.999 6.103

Bs(1
3/2D1) 6.041 6.127 20.64

Bs(1
3/2D2) 6.041 6.140 2.31

Bs(2
1/2P0) 6.170 6.264

Bs(2
3/2P1) 6.168 6.278 29.81

Bs(2
3/2P2) 6.168 6.292 0.51

Bs(2
1/2P1) 6.170 6.296 9.81

Bs(1
7/2F3) 6.205 6.332 21.15

Bs(1
7/2F4) 6.205 6.337

Bs(1
5/2F2) 6.250 6.369 20.51

Bs(1
5/2F3) 6.250 6.376 1.15

Bs(3
1/2S0) 6.310 6.421

Bs(3
1/2S1) 6.310 6.449
4-5
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FIG. 1. Computed spectrum of excited states in the$D,Ds ,B,Bs% family. The plot shows the spectrum before and after 1/mh corrections
~including mixing!. These corrections are responsible for the hyperfine splitting. The horizontal axis is the orbital angular momentum
meson (l ). For each value ofl and j there is a doublet of states (J5 j 2 1

2 andJ5 j 1 1
2 , with lower and higher energy, respectively!.
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Our model is in excellent agreement with the better est
lished P waves in theD and Ds systems. In particular the
D1* (11/2P1) fits the recent measurement of CLEO@14#. For
the P-waves of theB meson systems the agreement w
preliminary measurements is somewhat less impressive.

However, many of the existing experimental fits for ind
vidual masses of these states relied on patterns of masse
the j l51/2 states not found in our model. For example, o
relativistic quark model predictm1,1,1/2,1.m1,1,3/2,1for a rela-
tively broad range of parameters consistent with lig
spectroscopy.1 Also, we obtain a splitting for the1/2PJ states
more than twice as big as the splitting for the3/2PJ states.

Preliminary results fromL3 @12# for the masses o
P-waveB meson excitations are

1This result is known in the literature as spin-orbit inversion.
was first predicted by Schnitzer@20# and later by the models o
Isgur @21# and Ebert@22#.
11400
-

for
r

t

B1* :m1,1,1/2,15~5.67060.010stat60.013syst! GeV ~L3!
~24!

B2* :m1,1,3/2,25~5.76860.005stat60.006syst! GeV ~L3!.
~25!

The L3 results were derived using the constraint th
m1,1,1/2,12m1,1,1/2,05m1,1,3/2,22m1,1,3/2,1512 MeV. This as-
sumption is not realized in our model. Similar assumptio
are needed for the extractions the masses ofP-waveB meson
excitations from OPAL@13# and CDF@18#. It would be in-
teresting to reanalyze results using the pattern expecte
this relativistic quark model. Finally, the observation of t
D8* by DELPHI @15# is not consistent with searches b
CLEO @16# and OPAL@17#.

G. Regge trajectories

We find thatEn,l , j ,J2Mh all lie on Regge trajectories pa
rameterized bymJ1qn,l , j with m.0.7 ~as shown in Fig. 4!.
This is a well understood phenomenon for light spectrosc
4-6
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FIG. 2. Radial wave functions for some excited states~for non-strange mesons!. The continuum~dashed! line refers to thef 0(r ) „f 1(r )…
function. These plots do not include the mixing contribution.
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r

he
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but, for light mesons,m.2pb ~where b is the string ten-
sion!. This is about a factor two bigger than we find. O
result can be explained in the non-relativistic limit or, alte
natively, in a simple and naive string picture: Ignoring t
11400
-

short distance behavior of the potential, we model the me
as a classical light quark attached through a string to
center of mass of the system. The energy of the systemE,
~i.e., the energy of the string! is related to the classical an
4-7
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gular momentum,J, by E25pbJ. The factor two in the light
meson picture can be explained with the fact that the la
rotate around a center of mass that is located at the midd
the string while for heavy-light mesons the center of m
coincides with one of the two ends of the string.

FIG. 3. Orbitals for some excitedB mesons.
11400
r
of
s

This simple picture shows that the bulk of an heavy m
son mass is dominated by the mass of the heavy quark
the potential energy associated to the large distance inte
tion (}br), and again gives support to our assumption t
short distance behavior of the potential has a small contr
tion to the spectrum.

FIG. 4. Regge trajectories for some of our orbitally excit
heavy mesons.
n the
TABLE V. The heavy-light spectrum compared to experiment. We report the difference betwee
excited state masses and the ground state (D or B) in each case.

Charmed meson masses~MeV! Bottom meson masses~MeV!

Model Expt. @Ref.# Model Expt. @Ref.#

D* 2D 137a 141,142 @11# B* 2B 45 a 46 @11#

D0* 2D 512 B0* 2B 427
D1* 2D 622 596~53! @14# B1* 2B 463 391~16! @12# b

D12D 549a 558~2! @11# B12B 421 459~9! @13# b

B12B 421 431~20! @18# b

D2* 2D 592a 594~2! @11# B2* 2B 435 489~8! @12# b

460~13! @19# b

(B** 2B) 418~9! @11# c

D82D 721 B82B 607
D8* 2D 824 772~6! @15# B8* 2B 641

not seen @16,17#

Ds2D 97 a 99,104 @11# Bs2B 94 a 90~2! @11#

Ds* 2Ds 148a 144 @11# Bs* 2Bs 48 a 46 @11#

Ds0* 2Ds 512 Bs0* 2Bs 431
Ds1* 2Ds 640 Bs1* 2Bs 469
Ds12Ds 570a 566~1! @11# Bs12Bs 432
Ds2* 2Ds 616a 605~2! @11# Bs2* 2Bs 447

(Bs** 2Bs) 484~15! @11# c

Ds82Ds 735 Bs82Bs 612
D8s* 2Ds 841 B8s* 2Bs 646

aExperimental input to model parameters fit.
bTheoretical estimates for some of the mass splittings have been used as input.
cExperimental signal is a sum over resonances withJ50,1,2.
4-8
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III. HADRONIC TRANSITIONS

A. Transition amplitudes

We start by considering the most general hadronic tra
tion of the form

H8→H1x ~26!

whereH8 andH are two heavy-light mesons containing th
same heavy quark, with wavefunctionsCn8,l 8, j 8,J8,M8 and
Cn,l , j ,J,M , respectively, andx can be any light meson with
momentump. Although we keep our formalism general,
this paper we only compute numerically decays in whichx is
a pseudoscalar meson belonging to the flavor octet (p, K,
h).

In the context of the chiral quark model@4# this transition
is mediated by an effective interaction of the form

Lint5
gA

8

A2 f x

q̄i8XM i j qj1O~]2! ~27!

where f x can be identified withf p.130 MeV andgA
8 is an

effective coupling.X5]”g5 is the spin structure associated
the transition,i , j are SU(3)flavor indices and

M5A2S 1

A2
p01

1

A6
h8 p1 K1

p2
2

1

A2
p01

1

A6
h8 K0

K2 K̄0 2
2

A6
h8

D
~28!

is the usualSU(3)L1R invariant representation of the pse
doscalar mesons.

The transition mediated by this Lagrangian is associa
with the following matrix element:

I H8Hx~p!5
igA

8z

A2 f x
E C̄n,l , j ,J,M~z!Xeip•zCn8,l 8, j 8,J8,M8~z!d3z

~29!

wherez is a coefficient that characterize the flavor structu
of the decay. A list of all possible cases has been deri
from Eq. ~28! and is reported in Table VI. The physicalh
and h8 are of course mixtures of the idealh8 and h1. In
particular,h5h8cos(up)2h1sin(up) whereup'210.1° with
a large uncertainty. In this work we ignore this mixing a
we assumeup50. The corrective multiplicative factor for a
different choice forup can be derived by the reader usin
Table VI.

The exponential in Eq.~29! can be expanded in produc
of spherical harmonics and spherical Bessel functions, t
giving
11400
i-

d

e
d

us

I H8Hx~p!5 (
l x ,mx

Y
mx

l x* ~ p̂!CJ,M ; l x ,mx

J8,M8 Al x
H8Hx~X,p!. ~30!

Equation ~30! implicitly defines the transition amplitude

Al x
H8→Hx(X,p), for a x in a given eigenstatel x of its angular

momentum. By projecting the matrixX on the basis pre-
sented in the Appendix A, the transition amplitude can
rewritten as a linear combination of terms, each factoriz
into a radial part and a spin dependent part

Al x
H8Hx~X,p!5

igA
8z

A2 f x
(

ab5$0,1%
(

k
cl x

ab,k~X!

3E
0

`

f n8,l 8, j 8
a

~r ! j k~rp ! f n,l , j
b ~r !r 2dr.

~31!

The coefficientscl x
ab,k(X) depend on the quantum numbers

the mother and the daughter heavy mesons. Their exp
expression is given in the Appendix A. The integrals a
computed numerically.

One can extend our analysis for octet pseudoscalar t
sitions to the approximately flavor singleth8. In the largeNc
limit the h1 combines with the octet to form a nonet. In th
case the effective interaction in the Lagrangian takes
form

Lint5
gA

1z

A2 f h1

q̄i8Xh1qi1O~]2! ~32!

with X5p” and gA
1.gA

8 . This symmetry is badly broken in
QCD. However, it is reasonable to assume that in these t
sitions that the form@Eq. ~32!# still holds. If one further
assumes that the spatial wave functions ofp and h8 are
approximately equal, one obtainsf h8. f p . Hence the coef-
ficient z can be set toA2/3 both for heavy strange and non
strange decaying heavy mesons.

The situation for decays in whichx is a light vector me-
sons (r, v, K* ) is different. When compared to the pseud
scalar mesons, they have a different spin coupling to
quarks (X5e” whereem is the polarization vector of the me

TABLE VI. List of decay channels forB ~or D) mesons with the
corresponding flavor factorz.

H8→H1x z H8→H1x z

B0→B01p0 1 Bs→Bs1h8 22/A3
B6→B61p0 1 Bs→B01K A2
B6→B01p6 A2 Bs→B61K7 A2
B0→B61p7 A2 B0→Bs1K̄ A2

B0→B01h8 1/A3 B6→Bs1K6 A2

B6→B61h8 1/A3 Bq→Bq1h1 A2

3
1OS 1

Nc
D

4-9
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son!, a different effective coupling (gVÞgA
8), and a different

wave function (f rÞ f p). With these replacements Eq.~31!
remains valid for decays with emission of light vect
mesons.2 The detailed study of these vector meson tran
tions is deferred to a future paper.

B. Partial widths

The partial width for the transition in Eq.~26! ~for a light
mesonx emitted with total momentump and angular mo-
mentuml x) is given by

Gx~H8→H1x; l x!5
p

8p2

2J11

2J811

mH

mH8

uA l x
H8Hx~X,p!u2

~33!

wheremH8 andmH are the masses of the mother and dau
ter heavy mesons respectively.

The total hadronic decay width~via a pseudoscalar meso
transition! is defined simply as the sum of the partial width

GM
H85(

H
(

x5$p,h8 ,K%
(
l x

Gx~H8→H1x; l x!. ~34!

Transitions involving excited states very near their kinema
threshold for an allowed decay~e.g. where the light pseudo
scalar momentum is less than 100 MeV! are extremely sen
sitive to our calculated mass values. This is particularly t
for the allowed transitions within the 1S multiplets. In these
cases, even the small mass differences between the
charged and neutral states are important. Using the phy
masses for the variousD mesons@11#, the individual pion
transitions are shown in Table VII.

After removing these phase space uncertainties, rea
able variations in our model parameters gave variations
about 10% in the overall hadronic widths. The listed bran
ing ratios with emission of ap are flavor blind and sum ove
the final state pion charge~i.e., they have been compute
with z5A3). Each exclusive decay can be deduced by c
recting for this factor using Table VI to determine the re
tive strength of the charged and neutral decays. In additio
small phase space correction should be included approp
to the slight difference in the masses of the various cha

2It is possible to relate these the pseudoscalar and vector
plings and coefficients within the context of an approxima
SU(6)W symmetry for the low-lying states.

TABLE VII. List of partial decay rates for 1S D mesons. The
measuredD* andD masses@11# are used in these results.

Channel l p pp ~MeV! Gp /(gA
8)2(keV)

D!0(11/2S1)→D0(11/2S0)1p0 1 42.86.2 6261
D!1(11/2S1)→D0(11/2S0)1p1 1 39.46.5 9763
D!1(11/2S1)→D1(11/2S0)1p0 1 38.16.3 4461
11400
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states. These rates are shown in Table VIII for theD andDs
mesons and in Table IX for theB and Bs mesons. For the
13/2P(1,2) Bs states, our model predicts that they are bel
threshold forK transitions to the the 11/2S(0,1) B states. How-
ever, this is very sensitive to the details of the model. So,
completeness, we note the partial rates divided by the ap
priate phase space factor atpK50 in Table X. A list of the
allowed transitions for other low-lying excited states is r
ported in Appendix B.

C. Comparison to lattice results

As one more consistency check of our model we comp
our prediction for the transition3 B→B* 1p with model in-
dependent results coming from lattice simulations. We de

A BB* p~r !5
1

3 (
m51,2,3

E ^B* uAm~r !uB&dV r ~35!

with Am(r )5q̄(t,r )gmg5q(t,r ) at t50. The same matrix el-
ement can be expressed in terms of our radial wave func
and, in the limitpp→0,

A BB* p~r !52gA
8F „f 1,0,1/2

0 ~r !…22
1

3
„f 1,0,1/2

1 ~r !…2G1O~pp!.

~36!

u-
3Even if this transition is kinematically forbidden it is physical

relevant to theB→p1 l 1 n̄ exclusive decay under the assumptio
of vector meson dominance.

TABLE VIII. The heavy-light 1P state hadronic transition rate
for D andDs mesons.H8→H1x. Decays denoted with an (*) are
allowed only because of the order 1/mh mixing of states.px and
Gx /(gA

8)2 are in MeV.

H8(n8 j 8l J8) H(nj l J) x lx px Gx /(gA
8)2

D(11/2P0) D(11/2S0) p 0 437 189
D(13/2P1) D(11/2S1) p 0 355 (*) 1.7

D(11/2S1) p 2 355 14.5
D(13/2P2) D(11/2S0) p 2 506 24.6

D(11/2S1) p 2 394 13.7
D(11/2P1) D(11/2S1) p 0 420 181

Ds(1
1/2P0) D(11/2S0) K 0 325 236

Ds(1
3/2P1) D(11/2S1) K 0 175 (*) 1.89

D(11/2S1) K 2 175 0.3
Ds(1

3/2P2) D(11/2S0) K 2 442 8.9
D(11/2S1) K 2 264 1.4
Ds(1

1/2S0) h 2 248 0.4
Ds(1

1/2P1) D(11/2S1) K 0 302 224
4-10
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EXCITED HEAVY-LIGHT SYSTEMS AND HADRONIC . . . PHYSICAL REVIEW D 64 114004
gA
8 is the effective coupling of the transition as defined in E

~27!.4 In the chiral quark modelgA
8 is an effective paramete

and it is has to be given as input. On the other side, in
context of lattice computations, the matrix element in E
~35! follows directly from first principles~the QCD Lagrang-
ian! and can be computed explicitly. By fitting the lattic
results of Ref.@24# with our prediction forA BB* p(r ) as
function of gA

8 we are able to determine5

gA
85ZAgA

8 (lattice)50.5360.11 ~37!

wheregA
8 (lattice) is the naive lattice result extracted from th

fit and ZA50.78 is the lattice matching factor discussed
Ref. @24#. The error includes the statistical error due to t
simulation and the fits (.10%), and an estimate of the sy
tematic error in the matching coefficient and in the the ch
extrapolation. This is a preliminary result, as those of R
@24# are, because of the small lattice size and the poor ch
extrapolation. In any case our result is in agreement with
lattice determination of Ref.@25#, gA

850.6160.13, and with
experimental results from nucleon and hyperonb decays,
gA

850.5860.02 @26#. A more precise lattice determination
possible and may be carried out in the near future.

Apart for the overall normalization given bygA
8 , the ra-

dial dependence of the functionAB* Bp(r ) is predicted inde-
pendently by our model and by the lattice computation.
Fig. 5 we present a comparison between our analytical re
with adjusted normalization, and the lattice data. We beli

4Note from Eq.~36! that in the non-relativistic limit the coupling
gA

8 coincides with the coupling constantg that appears in the heav
meson chiral Lagrangian@23#. The lattice result for this quantity is
g50.4260.09.

5We set to zero terms of the orderO(pp) for consistency with the
lattice computation.

TABLE IX. The 1P state hadronic transition rates forB andBs

systems.H8→H1x. Decays denoted with an (*) are allowed on
because of the order 1/mh mixing of states. Values forpx and
Gx /(gA

8)2 are in MeV.

H8(n8 j 8l J8) H(nj l J) x lx px Gx /(gA
8)2

B(11/2P0) B(11/2S0) p 0 388 186
B(13/2P1) B(11/2S1) p 0 338 (*) 0.5

B(11/2S1) p 2 338 13.1
B(13/2P2) B(11/2S0) p 2 396 10.6

B(11/2S1) p 2 352 9.5
B(11/2P1) B(11/2S1) p 0 381 180

Bs(1
1/2P0) B(11/2S0) K 0 170 159

Bs(1
1/2P1) B(11/2S1) K 0 153 143
11400
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this comparison provides a satisfactory consistency chec
the two methods.6

D. Comparison to experiment

The total width of theD* 1 meson has recently been me
sured by the CLEO Collaboration@27#. They obtainG596
64stat622syst(keV). Combining this measurement with th
well-known branching ratios for the various pionic trans
tions gives a measurement of chiral coupling constant.
obtain

gA
850.8260.09 ~38!

within our model.
Within the chiral quark model, the coupling determine

from any transition should agree~i.e. the coupling is inde-
pendent of particular initial or final heavy-light states!. Table
XI lists the various determinations ofgA

8 from existing data.
Within the existing large uncertainties the various determi
tions are consistent.

IV. CONCLUSIONS

We have computed the spectrum and hadronic de
width of the excitedD, Ds , B andBs mesons using a rela
tivistic quark model for the masses and wave function of
heavy-light mesons. This work is based on that of Re
@8,6,5# but departs from these previous works because
choose a simpler form for the potential and determined
parameters exclusively from fitting the experimental hea
light spectrum. Moreover, we computed all correctio
within the model to order 1/mh , including mixing between
nearby states with the sameJP.

Our spectrum results agree very well with the existi
data in theD andDs systems. The agreement in theB andBs
systems is also fairly good but the experimental situation
the P states is not yet completely resolved.

For example, our model predicts a spin-orbit inversion
the excitedP-wave states in these systems. This agrees w
the recent CLEO@14# results for theD mesons; but is in

6It also suggests a possible use of chiral quark model wave fu
tions to isolate excited states contributions in lattice correlat
functions.

TABLE X. Decay rates for 13/2P(1,2) Bs mesons with phase
space dependence divided out. These states are very near the
matical threshold in our model. Values forpx andGx /(gA

8)2 are in
MeV.

H8(n8 j 8l J8) H(nj l J) x lx Gx /(gA
8)23(100/px)

(2l x11)

Bs(1
3/2P1) B(11/2S1) K 0 (*) 4.9231021

Bs(1
3/2P1) B(11/2S1) K 2 2.3831022

Bs(1
3/2P2) B(11/2S0) K 2 9.4831023

Bs(1
3/2P2) B(11/2S1) K 2 1.4331022
4-11
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disagreement with preliminaryL3 results@12# for the B me-
sons. However, in our model we find that the splitting b
tween thej l51/2 P-wave states (J50,1) is more than twice
as large as the splitting of thej l53/2 P-wave states (J
51,2), which is inconsistent with the assumption of eq
splitting used byL3 @12# in their analysis.

The information on the spectrum and the wave funct
was used to compute a complete list of allowed hadro
decays for these excited mesons into lower energy st
with emission of a light pseudoscalar meson (h, p or K) and
their relative branching ratios.

We also compared our model prediction f
^B* uAm* (r )uB& with lattice results. We find good agreeme
between the shapes of the decay amplitudes. We used
comparison to extract a preliminary lattice determination

FIG. 5. Comparison between a prediction of our model and
lattice QCD result@24#.
11400
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gA
8 , the effective coupling of the chiral quark model. We fin

the valuegA
850.5360.11. Using this value forgA

8 to trans-
late the total hadronic decay widths in physical units,
would conclude that the widths of theD mesonP waves are
consistently below experimental findings. Of course, the
tice results have not yet been extrapolated to the continu

Comparison of our results with a recent experiment m
surement of theD* 1 width @27# yieldsgA

850.8260.09. Us-
ing this value, we find much better overall agreement w
experimental findings.

Finally, there is also a whole set of hadronic decays w
emission of light vector mesons that we did not include
our study. For the higher excited states these transitions
an important contribution to the total physical widths. W
intend to study these transitions in a future paper.
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APPENDIX A

In order to be able to factorize the expression for t
transition amplitude, Eq.~30!, into radial and angular parts,
is convenient to adopt the following basis for theG matrices:

Gm
005S sm 0

0 0D , Gm
015S 0 sm

0 0 D , ~A1!

e

are
TABLE XI. The 1S and 1P heavy-light hadronic transition rates compared to experiment. All widths
in MeV unless otherwise indicated. Experimental values are from the Particle Data Group~PDG! @11# unless
otherwise indicated.

State Width~expt.! @Ref.# G/(gA
8)2 ~model! gA

8

D1(11/2S1) 9664622 ~keV! @27# 143 ~keV! a 0.8260.09
D0(13/2P1) 18.923.5

14.6 16 1.0920.11
10.12

D1(13/2P1) 2868 16 1.3220.27
10.18

D1(11/2P1) 290279
1101626636 @14# 181 1.2760.22

D0(13/2P2) 2365 38 0.7760.08
D1(13/2P2) 2568 38 0.8120.14

1.012

Ds(1
3/2P1) <2.3 2.0 <1.07

Ds(1
3/2P2) 1565 10.9 1.1720.11

10.18

B(11/2P1) 73644 @12# b 180 0.6420.21
10.17

B(13/2P1) 18213
115

223
129 @13# b 14.0 1.1321.13

10.77

B(13/2P2) 41643 @12# b 20.0 1.4321.43
10.61

aTheoretical value corrected for phase space observed mass~see Table VII! and the 1.6% branching ratio to
D11g @11#.
bExperimental results depend strongly on model dependent assumptions.
4-12
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Gm
105S 0 0

sm 0D , Gm
115S 0 0

0 sm
D ~A2!

where s0 is the 232 identity ands i are the usual Paul
matrices. On this basis we obtain simple expressions for
cl x

ab,k(X) coefficients7

cl x
00,k~X!5c0tr~g0XGm

00!^ j 8,m8,l 8usmYk,mk
u j ,m,l & ~A4!

cl x
01,k~X!5c0tr~g0XGm

01!^ j 8,m8,l 8usmYk,mk
u j ,m,2j 2 l &

~A5!

cl x
10,k~X!5c0tr~g0XGm

10!^ j 8,m8,2j 82 l 8usmYk,mk
u j ,m,l &

~A6!

cl x
11,k~X!5c0tr~g0XGm

11!^ j 8,m8,2j 82 l 8usmYk,mk
u j ,m,2j 2 l &

~A7!

where

c054p~2 i ! l x

(
s

Cj 8,M82s;1/2,s
J8,M8 Cj ,M2s;1/2,s

J,M

Cl x ,mx ; j ,M
J8,M8

1

2
. ~A8!

For the particular caseX5p”g5 the angular dependenc
from the p vector disappears and we obtain the followi
explicit expression:

cl x
00,k~p”g5!51c2upu^ j 8,l 8uuTl x

(k)uu j ,l & ~A9!

cl x
01,k~p”g5!51c1p0^ j 8,l 8uuYkuu j ,2j 2 l & ~A10!

cl x
10,k~p”g5!52c1p0^ j 8,2j 82 l 8uuYkuu j ,l & ~A11!

cl x
11,k~p”g5!52c2upu^ j 8,2j 82 l 8uuTl x

(k)uu j ,2j 2 l & ~A12!

with

7In this appendix we follow the notation of Elbaz@28# where

@a1 . . . an#5A~2a111! . . . ~2an11! . ~A3!
11400
e

c154p i ~2 i ! l x~2 ! j 82(1/2)1J81 l 82 l 1 l x@J#

3H l x j j 8

1

2
J8 J J dk,l x

~A13!

c254p~2 i !k~2 ! j 82(1/2)1J82k@Jk#

3H l x j j 8

1

2
J8 J J S 1 k lp

0 0 0 D . ~A14!

Explicit expressions for the Wigner-Ekkart reduced tens
are

^ l 8 j 8iYki l j &5
@ j j 8l l 8k#

A4p
~2 ! j 1 l 82 l 11/2S l 8 k l

0 0 0D
3H k l8 l

1

2
j j 8J ~A15!

and

^ l 8 j 8iTl x
(k)i l j &5A 3

2p
@ j j 8l l 8klx#~2 ! l 8S l 8 k l

0 0 0D

35
1

2
l 8 j 8

1

2
l j

1 k lx

6 . ~A16!

Our expression for the spin structure of the decay am
tudes, reported in this appendix, disagree with Ref.@5# in the
overall phase factor. This factor does not affect their res
but is relevant in case of mixing.

APPENDIX B

In this appendix we list the hadronic transitionsH8→H
1x for the low-lying excited states not discussed in S
III B. Table XII lists the transitions in decending order a
cording to~i! the flavor of the decaying heavy mesonH8; ~ii !
its mass;~iii ! the decay channel.

Transitions with a branching ratio less than 1% are
reported. Some decays are marked with an asterisk. T
are decays that apparently do not conserve the heavy q
spin (u j 82 j u< l x<u j 81 j u) but, we remind the reader, ou
initial and final states are physical states and therefore s
decays become allowed because of mixing effects.
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TABLE XII. Hadronic transitionsH8→H1x for the low-lying states not discussed in Sec. III B.
H(nj l J) x lx px Gx /(gA
8)2

H85D(21/2S0) m52.589 GeV

D(11/2S1) p 1 504 14.5

D(11/2P0) p 0 154 7.0

H(nj l J) x lx px Gx /(gA
8)2

H85D(21/2S1) m52.692 GeV

D(11/2S0) h 1 518 1.4

D(11/2S0) p 1 688 39.9

D(11/2S1) p 1 587 30.4

D(13/2P1) p 2 225 1.9

D(11/2P1) p 0 141 6.2

Ds(1
1/2S0) K 1 460 5.6

H(nj l J) x lx px Gx /(gA
8)2

H85D(15/2D2)m52.775 GeV

D(11/2S1) p 3 652 20.1

D(11/2P0) p 2 347 7.3

D(13/2P1) p 2 308 4.3

D(13/2P2) p 2 266 1.4

D(11/2P1) p 2 236 1.3

Ds(1
1/2S1) K 3 387 0.5

H(nj l J) x lx px Gx /(gA
8)2

H85D(13/2D1) m52.795 GeV

D(11/2S0) h 1 620 4.0

D(11/2S0) p 1 764 18.6

D(11/2S1) p 1 668 6.8

D(13/2P1) p 0 328 87.2

D(13/2P1) p 2 328 2.4

D(13/2P2) p 2 286 1.4

Ds(1
1/2S0) K 1 566 15.0

Ds(1
1/2S1) K 1 412 3.3

H(nj l J) x lx px Gx /(gA
8)2

H85D(15/2D3) m52.799 GeV

D(11/2S0) h 3 624 0.7

D(11/2S0) p 3 767 18.0

D(11/2S1) p 3 671 13.2

D(13/2P1) p 2 331 2.5

D(13/2P2) p 2 290 5.2

D(11/2P1) p 2 261 3.5

Ds(1
1/2S0) K 3 570 2.1
11400
H(nj l J) x lx px Gx /(gA
8)2

H85D(13/2D2) m52.833 GeV

D(11/2S1) h 1 528 4.4

D(11/2S1) p 1 697 22.9

D(11/2P0) p 2 400 1.5

D(13/2P1) p 2 363 3.6

D(13/2P2) p 0 323 87.0

D(13/2P2) p 2 323 3.2

Ds(1
1/2S1) K 1 456 13.0

H(nj l J) x lx px Gx /(gA
8)2

H85D(21/2P0) m52.949 GeV

D(11/2S0) h 0 756 11.7

D(11/2S0) p 0 875 88.0

D(13/2P1) p 1 467 15.2

D(11/2P1) p 1 403 60.6

D(21/2S0) p 0 311 51.9

Ds(1
1/2S0) K 0 706 66.6

H(nj l J) x lx px Gx /(gA
8)2

H85D(23/2P1) m52.995 GeV

D(11/2S1) h 2 685 2.7

D(11/2S1) p 2 818 62.5

D(11/2P0) p 1 540 1.5

D(13/2P1) p 1 506 5.9

D(13/2P2) p 3 470 4.0

D(11/2P1) p 1 444 3.9

D(21/2S1) p 2 255 5.1

D(13/2D1) p 0 138 3.8

Ds(1
1/2S1) K 2 620 9.9

H(nj l J) x lx px Gx /(gA
8)2

H85D(23/2P2) m53.035 GeV

D(11/2S0) h 2 828 3.3

D(11/2S0) p 2 936 53.4

D(11/2S1) h 2 721 2.3

D(11/2S1) p 2 848 47.1

D(13/2P1) p 3 541 4.3

D(13/2P2) p 1 505 4.2

D(13/2P2) p 3 505 2.2

D(11/2P1) p 1 480 6.1

D(21/2S0) p 2 393 10.8

D(21/2S1) p 2 296 5.8

D(13/2D2) p 0 142 3.9

Ds(1
1/2S0) K 2 779 15.3

Ds(1
1/2S1) K 2 658 8.7
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TABLE XII. ~Continued!.
H(nj l J) x lx px Gx /(gA
8)2

H85D(21/2P1) m53.045 GeV
D(11/2S1) h 0 730 10.9
D(11/2S1) p 0 855 85.4
D(11/2P0) p 1 582 61.0
D(13/2P1) p 1 549 6.6
D(13/2P2) p 1 513 19.9
D(11/2P1) p 1 488 61.5
D(21/2S1) p 0 306 50.6
Ds(1

1/2S1) K 0 667 59.3

H(nj l J) x lx px Gx /(gA
8)2

H85D(17/2F3) m53.074 GeV
D(11/2S1) h 4 754 0.5
D(11/2S1) p 4 875 13.1
D(11/2P0) p 3 606 11.4
D(13/2P1) p 3 573 7.3
D(13/2P2) p 3 538 3.8
D(11/2P1) p 3 513 5.0
D(15/2D2) p 2 251 2.9
D(13/2D1) p 2 230 3.3
Ds(1

1/2S1) K 4 693 1.5

H(nj l J) x lx px Gx /(gA
8)2

H85D(17/2F4) m53.091 GeV
D(11/2S0) h 4 872 0.6
D(11/2S0) p 4 974 9.8
D(11/2S1) p 4 887 7.8
D(13/2P1) p 3 587 4.4
D(13/2P2) p 3 552 9.9
D(11/2P1) p 3 527 9.6
D(15/2D2) p 2 268 0.6
D(15/2D3) p 2 244 2.9
D(13/2D2) p 2 208 2.4
Ds(1

1/2S0) K 4 824 2.0
Ds(1

1/2S1) K 4 707 0.9

H(nj l J) x lx px Gx /(gA
8)2

H85D(15/2F2) m53.101 GeV
D(11/2S0) p 2 981 3.7
D(11/2S1) p 2 895 1.8
D(13/2P1) h 1 362 3.7
D(13/2P1) p 1 595 22.2
D(13/2P1) p 3 595 1.4
D(13/2P2) p 1 560 2.2
D(13/2P2) p 3 560 2.1
D(11/2P1) p 3 536 2.6
D(15/2D2) p 0 279 56.8
D(15/2D2) p 2 279 3.4
Ds(1

1/2S0) K 2 832 3.1
Ds(1

1/2S1) K 2 716 1.2
Ds(1

3/2P1) K 1 250 6.0
11400
H(nj l J) x lx px Gx /(gA
8)2

H85D(152F3) m53.123 GeV

D(11/2S1) p 2 910 4.9

D(11/2P0) p 3 645 4.3

D(13/2P1) p 3 613 3.2

D(13/2P2) h 1 332 3.4

D(13/2P2) p 1 579 23.7

D(13/2P2) p 3 579 2.6

D(11/2P1) p 3 554 1.2

D(15/2D2) p 2 300 1.2

D(15/2D3) p 0 277 56.7

D(15/2D3) p 2 277 3.6

Ds(1
1/2S1) K 2 735 3.3

Ds(1
3/2P2) K 1 203 3.7

H(nj l J) x lx px Gx /(gA
8)2

H85D(31/2S0) m53.141 GeV

D(11/2S1) h 1 811 1.7

D(11/2S1) p 1 923 44.5

D(11/2P0) p 0 660 2.9

D(13/2P2) p 2 594 15.1

D(21/2S1) p 1 396 16.3

D(21/2P0) p 0 128 6.5

Ds(1
1/2S1) K 1 751 8.7

Ds(1
1/2P0) K 0 384 1.4

H(nj l J) x lx px Gx /(gA
8)2

H85D(31/2S1) m53.226 GeV

D(11/2S0) h 1 976 3.2

D(11/2S0) p 1 1066 50.2

D(11/2S1) p 1 984 53.5

D(13/2P1) p 2 697 23.1

D(13/2P2) p 2 663 17.0

D(21/2S0) p 1 560 41.3

D(21/2S1) p 1 473 33.5

D(21/2P1) p 0 113 5.6

Ds(1
1/2S0) K 1 930 17.6

Ds(1
1/2S1) K 1 822 13.4

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(2
1/2S0) m52.700 GeV

D(11/2S1) K 1 424 3.12

Ds(1
1/2S1) h 1 187 0.04
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TABLE XII. ~Continued!.
H(nj l J) x lx px Gx /(gA
8)2

H85Ds(2
1/2S1) m52.806 GeV

D(11/2S0) K 1 661 21.1
D(11/2S1) K 1 539 12.2
Ds(1

1/2S0) h 1 540 6.2
Ds(1

1/2S1) h 1 371 1.5

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(1
5/2D2) m52.900 GeV

D(11/2S1) K 3 629 10.6
Ds(1

1/2S1) h 3 486 1.4

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(1
3/2D1) m52.913 GeV

D(11/2S0) K 1 752 26.1
D(11/2S1) K 1 641 10.7
D(13/2P1) K 0 47 39.7
Ds(1

1/2S0) h 1 644 15.2
Ds(1

1/2S1) h 1 501 4.5

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(1
5/2D3) m52.925 GeV

D(11/2S0) K 3 762 11.4
D(11/2S1) K 3 652 7.3
Ds(1

1/2S0) h 3 656 3.1
Ds(1

1/2S1) h 3 514 1.1

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(1
3/2D2) m52.953 GeV

D(11/2S1) K 1 677 35.0
Ds(1

1/2S1) h 1 543 16.4

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(2
1/2P0) m53.067 GeV

D(11/2S0) K 0 875 74.1
D(13/2P1) K 1 377 32.3
D(11/2P1) K 1 270 17.8
Ds(1

1/2S0) h 0 780 49.1

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(2
3/2P1) m53.114 GeV

D(11/2S1) K 0 813 (*) 0.7
D(11/2S1) K 2 813 36.6
D(11/2P0) K 1 482 5.5
D(13/2P1) K 1 436 1.6
D(13/2P2) K 3 383 0.9
D(11/2P1) K 1 343 4.5
Ds(1

1/2S1) h 2 700 11.1
Ds(1

1/2P0) h 1 275 1.6
11400
H(nj l J) x lx px Gx /(gA
8)2

H85Ds(2
3/2P2) m53.157 GeV

D(11/2S0) K 2 943 34.9

D(11/2S1) K 2 848 28.9

D(13/2P1) K 3 485 1.8

D(11/2P1) K 1 400 11.0

D(21/2S0) K 2 255 1.3

Ds(1
1/2S0) h 2 854 14.8

Ds(1
1/2S1) h 2 738 9.5

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(2
1/2P1) m53.165 GeV

D(11/2S1) K 0 854 72.1

D(11/2P0) K 1 537 42.6

D(13/2P1) K 1 494 12.6

D(13/2P2) K 1 446 41.3

D(11/2P1) K 1 410 28.7

Ds(1
1/2S1) h 0 745 45.1

Ds(1
1/2P0) h 1 357 8.1

Ds(1
3/2P1) h 1 280 2.7

Ds(1
3/2P2) h 1 184 3.4

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(1
7/2F3) m53.203 GeV

D(11/2S1) K 4 884 9.2

D(11/2P0) K 3 575 5.5

D(13/2P1) K 3 534 3.2

D(13/2P2) K 3 489 1.5

D(11/2P1) K 3 456 1.6

Ds(1
1/2S1) h 4 778 2.2

Ds(1
1/2P0) h 3 409 0.5

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(1
7/2F4) m53.220 GeV

D(11/2S0) K 4 990 7.2

D(11/2S1) K 4 897 5.6

D(13/2P1) K 3 552 2.0

D(13/2P2) K 3 508 4.0

D(11/2P1) K 3 475 3.3

Ds(1
1/2S0) h 4 904 2.4

Ds(1
1/2S1) h 4 793 1.4
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TABLE XII. ~Continued!.
H(nj l J) x lx px Gx /(gA
8)2

H85Ds(1
5/2F2) m53.224 GeV

D(11/2S0) K 2 993 5.4

D(11/2S1) K 2 900 3.1

D(13/2P1) K 1 556 39.1

D(13/2P1) K 3 556 0.9

D(13/2P2) K 1 512 4.0

D(13/2P2) K 3 512 1.1

D(11/2P1) K 3 480 0.9

Ds(1
1/2S0) h 2 907 3.1

Ds(1
1/2S1) h 2 796 1.5

Ds(1
3/2P1) h 1 372 14.0

Ds(1
3/2P2) h 1 302 0.9

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(1
5/2F3) m53.247 GeV

D(11/2S1) K 2 918 8.2

D(11/2P0) K 3 619 2.2

D(13/2P1) K 3 580 2.0

D(13/2P2) K 1 536 42.2

D(13/2P2) K 3 536 1.5

Ds(1
1/2S1) h 2 815 3.9

Ds(1
3/2P2) h 1 339 12.6

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(3
1/2S0) m53.259 GeV

D(11/2S1) K 1 927 19.0

D(11/2P0) K 0 630 2.1

D(13/2P2) K 2 549 5.1

D(21/2S1) K 1 254 1.0

Ds(1
1/2S1) h 1 825 6.8

Ds(1
1/2P0) h 0 478 0.9

H(nj l J) x lx px Gx /(gA
8)2

H85Ds(3
1/2S1) m53.345 GeV

D(11/2S0) K 1 1080 28.0

D(11/2S1) K 1 993 26.6

D(13/2P1) K 2 675 12.2

D(13/2P2) K 2 635 8.1

D(11/2P1) K 0 607 1.8

D(21/2S0) K 1 507 18.8

D(21/2S1) K 1 385 8.4

Ds(1
1/2S0) h 1 1001 13.6

Ds(1
1/2S1) h 1 896 10.6

Ds(1
3/2P1) h 2 523 1.7

Ds(2
1/2S0) h 1 309 1.7
11400
H(nj l J) x lx px Gx /(gA
8)2

H85B(21/2S0) m55.886 GeV

B(11/2S1) p 1 519 21.9

B(11/2P0) p 0 114 4.9

H(nj l J) x lx px Gx /(gA
8)2

H85B(21/2S1) m55.920 GeV

B(11/2S0) p 1 591 19.2

B(11/2S1) p 1 550 22.9

B(13/2P1) p 2 167 0.5

B(11/2P1) p 0 109 4.6

H(nj l J) x lx px Gx /(gA
8)2

H85B(15/2D2) m55.985 GeV

B(11/2S1) p 3 611 17.4

B(13/2P1) p 2 244 1.8

B(11/2P0) p 2 237 1.6

B(13/2P2) p 2 228 0.7

B(11/2P1) p 2 195 0.5

H(nj l J) x lx px Gx /(gA
8)2

H85B(15/2D3) m55.993 GeV

B(11/2S0) p 3 658 11.1

B(11/2S1) p 3 618 10.6

B(13/2P1) p 2 252 0.6

B(13/2P2) p 2 237 2.2

B(11/2P1) p 2 204 1.3

H(nj l J) x lx px Gx /(gA
8)2

H85B(13/2D1) m56.025 GeV

B(11/2S0) h 1 475 2.8

B(11/2S0) p 1 687 18.2

B(11/2S1) p 1 647 7.5

B(13/2P1) p 0 286 81.4

B(13/2P1) p 2 286 1.4

Bs(1
1/2S0) K 1 403 7.2

Bs(1
1/2S1) K 1 330 2.0

H(nj l J) x lx px Gx /(gA
8)2

H85B(13/2D2) m56.037 GeV

B(11/2S1) h 1 431 3.3

B(11/2S1) p 1 658 23.9

B(13/2P1) p 2 299 1.3

B(13/2P2) p 0 284 81.1

B(13/2P2) p 2 284 2.0

Bs(1
1/2S1) K 1 350 7.1
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TABLE XII. ~Continued!.
H(nj l J) x lx px Gx /(gA
8)2

H85B(21/2P0) m56.163 GeV

B(11/2S0) h 0 643 9.9

B(11/2S0) p 0 810 97.4

B(13/2P1) p 1 425 21.1

B(11/2P1) p 1 383 52.9

B(21/2S0) p 0 233 39.6

Bs(1
1/2S0) K 0 576 51.0

H(nj l J) x lx px Gx /(gA
8)2

H85B(23/2P1) m56.175 GeV

B(11/2S1) h 2 606 1.5

B(11/2S1) p 2 782 59.6

B(13/2P1) p 1 437 1.6

B(11/2P0) p 1 431 2.4

B(13/2P2) p 3 423 2.6

B(11/2P1) p 1 395 3.4

B(21/2S1) p 2 209 2.3

B(13/2D1) p 0 55 1.4

Bs(1
1/2S1) K 2 534 4.6

H(nj l J) x lx px Gx /(gA
8)2

H85B(23/2P2) m56.188 GeV

B(11/2S0) h 2 671 1.2

B(11/2S0) p 2 832 36.0

B(11/2S1) h 2 621 1.1

B(11/2S1) p 2 793 39.7

B(13/2P1) p 3 449 2.2

B(13/2P2) p 3 436 1.2

B(11/2P1) p 1 408 5.7

B(21/2S0) p 2 261 2.4

B(21/2S1) p 2 224 1.9

B(13/2D2) p 0 57 1.5

Bs(1
1/2S0) K 2 605 4.2

Bs(1
1/2S1) K 2 550 3.4

H(nj l J) x lx px Gx /(gA
8)2

H85B(21/2P1) m56.194 GeV

B(11/2S1) h 0 629 9.2

B(11/2S1) p 0 799 93.2

B(13/2P1) p 1 455 6.1

B(11/2P0) p 1 449 30.6

B(13/2P2) p 1 442 22.6

B(11/2P1) p 1 414 39.5

B(21/2S1) p 0 231 38.7

Bs(1
1/2S1) K 0 557 46.3
11400
H(nj l J) x lx px Gx /(gA
8)2

H85B(17/2F3) m56.220 GeV

B(11/2S1) h 4 659 0.3

B(11/2S1) p 4 822 11.7

B(13/2P1) p 3 481 3.5

B(11/2P0) p 3 475 3.8

B(13/2P2) p 3 468 1.9

B(11/2P1) p 3 440 2.1

B(15/2D2) p 2 186 0.8

B(13/2D1) p 2 135 0.3

Bs(1
1/2S1) K 4 588 0.5

H(nj l J) x lx px Gx /(gA
8)2

H85B(17/2F4) m56.226 GeV

B(11/2S0) p 4 865 7.0

B(11/2S1) p 4 827 6.7

B(13/2P1) p 3 486 1.5

B(13/2P2) p 3 473 4.7

B(11/2P1) p 3 445 4.4

B(15/2D3) p 2 183 0.8

Bs(1
1/2S0) K 4 647 0.5

Bs(1
1/2S1) K 4 594 0.3

H(nj l J) x lx px Gx /(gA
8)2

H85B(15/2F2) m56.264 GeV

B(11/2S0) p 2 898 3.7

B(11/2S1) p 2 860 2.0

B(13/2P1) p 1 522 18.9

B(13/2P2) p 1 509 2.0

B(13/2P2) p 3 509 1.3

B(11/2P1) p 3 482 1.3

B(15/2D2) p 0 236 51.2

B(15/2D2) p 2 236 1.6

Bs(1
1/2S0) K 2 688 1.9

Bs(1
1/2S1) K 2 637 0.9

H(nj l J) x lx px Gx /(gA
8)2

H85B(15/2F3) m56.271 GeV

B(11/2S1) h 2 714 1.0

B(11/2S1) p 2 866 5.2

B(13/2P1) p 3 529 1.2

B(11/2P0) p 3 523 1.0

B(13/2P2) p 1 516 20.4

B(13/2P2) p 3 516 1.5

B(15/2D3) p 0 235 51.0

B(15/2D3) p 2 235 1.7

Bs(1
1/2S1) K 2 644 2.3
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TABLE XII. ~Continued!.
H(nj l J) x lx px Gx /(gA
8)2

H85B(31/2S0) m56.320 GeV

B(11/2S1) h 1 766 1.1

B(11/2S1) p 1 908 49.5

B(11/2P0) p 0 569 1.8

B(13/2P2) p 2 562 11.0

B(21/2S1) p 1 363 9.5

B(21/2P0) p 0 72 3.5

Bs(1
1/2S1) K 1 697 5.1

H(nj l J) x lx px Gx /(gA
8)2

H85B(31/2S1) m56.347 GeV

B(11/2S0) p 1 970 31.3

B(11/2S1) p 1 932 43.0

B(13/2P1) p 2 600 9.4

B(13/2P2) p 2 587 7.9

B(11/2P1) p 0 560 1.7

B(21/2S0) p 1 423 9.3

B(21/2S1) p 1 390 10.8

B(21/2P1) p 0 64 3.0

Bs(1
1/2S0) K 1 775 5.0

Bs(1
1/2S1) K 1 726 5.2

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(2
1/2S0) m55.985 GeV

B(11/2S1) K 1 416 3.15

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(2
1/2S1) m56.019 GeV

B(11/2S0) K 1 517 5.6

B(11/2S1) K 1 462 4.9

Bs(1
1/2S0) h 1 325 0.4

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(1
5/2D2) m56.095 GeV

B(11/2S1) K 3 555 6.62

Bs(1
1/2S1) h 3 370 0.30

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(1
5/2D3) m56.103 GeV

B(11/2S0) K 3 614 5.03

B(11/2S1) K 3 564 4.17

Bs(1
1/2S0) h 3 453 0.46

Bs(1
1/2S1) h 3 383 0.21
11400
H(nj l J) x lx px Gx /(gA
8)2

H85Bs(1
3/2D1) m56.127 GeV

B(11/2S0) K 1 641 26.9

B(11/2S1) K 1 592 11.5

Bs(1
1/2S0) h 1 486 10.1

Bs(1
1/2S1) h 1 420 3.4

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(1
3/2D2) m56.140 GeV

B(11/2S1) K 1 607 36.2

Bs(1
1l /2S1) h 1 438 11.5

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(2
1/2P0) m56.264 GeV

B(11/2S0) K 0 785 77.7

B(13/2P1) K 1 262 20.6

B(11/2P1) K 1 164 3.8

Bs(1
1/2S0) h 0 652 40.5

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(2
3/2P1) m56.278 GeV

B(11/2S1) K 0 755 (*) 0.7

B(11/2S1) K 2 755 28.7

B(11/2P0) K 1 278 3.3

B(11/2P1) K 1 201 1.4

Bs(1
1/2S1) h 2 614 5.8

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(2
3/2P2) m56.292 GeV

B(11/2S0) K 2 813 19.2

B(11/2S1) K 2 769 19.8

B(11/2P1) K 1 232 4.2

Bs(1
1/2S0) h 2 683 4.8

Bs(1
1/2S1) h 2 630 4.2

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(2
1/2P1) m56.296 GeV

B(11/2S1) K 0 773 73.8

B(13/2P1) K 1 319 7.0

B(11/2P0) K 1 309 9.3

B(13/2P2) K 1 296 24.5

B(11/2P1) K 1 241 6.0

Bs(1
1/2S1) h 0 634 37.1
4-19



M. Di PIERRO AND E. EICHTEN PHYSICAL REVIEW D64 114004
TABLE XII. ~Continued!.
H(nj l J) x lx px Gx /(gA
8)2

H85Bs(1
7/2F3) m56.332 GeV

B(11/2S1) K 4 808 7.07
B(13/2P1) K 3 375 0.51
B(11/2P0) K 3 366 0.50
B(13/2P2) K 3 354 0.22
B(11/2P1) K 3 307 0.14
Bs(1

1/2S1) h 4 674 1.04

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(1
7/2F4) m56.337 GeV

B(11/2S0) K 4 857 4.5
B(11/2S1) K 4 814 4.1
B(13/2P1) K 3 383 0.2
B(13/2P2) K 3 363 0.6
B(11/2P1) K 3 317 0.3
Bs(1

1/2S0) h 4 732 0.8
Bs(1

1/2S1) h 4 681 0.6

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(1
5/2F2) m56.369 GeV

B(11/2S0) K 2 888 6.0
B(11/2S1) K 2 845 3.5
B(13/2P1) K 1 428 29.6
B(13/2P2) K 1 409 3.0
u,
.

. D

11400
Bs(1
1/2S0) h 2 766 2.4

Bs(1
1/2S1) h 2 715 1.3

Bs(1
3/2P1) h 1 129 0.9

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(1
5/2F3) m56.376 GeV

B(11/2S1) K 2 853 9.0
B(13/2P2) K 1 420 31.6
Bs(1

1/2S1) h 2 723 3.3

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(3
1/2S0) m56.421 GeV

B(11/2S1) K 1 896 16.5
B(11/2P0) K 0 489 0.3
B(13/2P2) K 2 479 1.7
Bs(1

1/2S1) h 1 770 3.9

H(nj l J) x lx px Gx /(gA
8)2

H85Bs(3
1/2S1) m56.449 GeV

B(11/2S0) K 1 963 13.2
B(11/2S1) K 1 922 16.0
B(13/2P1) K 2 531 2.2
B(13/2P2) K 2 514 1.7
Bs(1

1/2S0) h 1 848 3.9
Bs(1

1/2S1) h 1 800 4.1
F.
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