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We evaluate the matrix elements of the four-quark operators which contribute to the lifetimes of B-mesons and 
the Ab-baryon. We find that the spectator effects are not responsible for the discrepancy between the theoretical 
prediction and experimental measurement of the ratio of lifetimes r(Ab)/r(B). 

1. I N T R O D U C T I O N  

Inclusive decays of heavy hadrons can be stud- 
ied in the framework of the heavy quark expan- 
sion, in which, for example,  lifetimes are com- 
puted as series in inverse powers of the mass of 
the b-quark [1]. For an arbi t rary  hadron H 

2 5 7 - 1 ( H ) -  GFmb IVcbl 2 ~-~ cirnb* (1) 
1927r 3 2rail />o 

where 

• Co corresponds to the decay of a free-quark 
and is universal. 

cl is zero because the operators of dimen- 
sion four can be eliminated using the equa- 
tions of motion. 

• c2 can be est imated and is found to be T(B °) 
small. T(Ab) 

°) 
• c3 contains a contribution proportional to 

where 2 

<H I brq  ~Fb [H> (2) 

check whether spectator  effects contribute signif- 
icantly to the ratios of lifetimes for which the ex- 
perimental values are: 

T ( B - )  
- 1.06+ 0.04 (3)  (BO) 

r(Ab) 
-- 0 . 7 8 ± 0 . 0 4 .  (4) 

T(B °) 

The discrepancy between the experimental  
value in eq. (4) and the theoretical prediction 
of T(Ab)/T(B °) = 0.98 (based on the Opera tor  
Product  Expansion in eq. (1) including terms in 
the sum up to those of O(m[2)) is a major  puzzle. 
I t  is therefore particularly important  to compute 
the O(mb ~) spectator contributions to this ratio. 

The ratios in eqs. (3) and (4) can be expressed 
in terms of 6 matrix elements: 

- -  ao + al¢l  + a282 + a3B1 + a3B2 (5) 

B1 -= 

and is therefore the first te rm in the expan- 
sion to which the interaction between the B2 - 
heavy and the light quark(s) contribute. Al- 
though this is an O ( m b  3) correction, it may 
be significant since it contains a phase-space ¢1 = 
enhancement.  

The aim of our lattice simulation is to compute 
c3 for B-mesons and the Ab-baryon, in order to 
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-- b0 + b1¢1 + b2¢2 + b3L1 + b4L2 (6) 

8 <B I ~r~Lq ~%Lb IB) (7) 
f2mB 2mB 

8 (B I -6Lq-qRb IB) (8) 
f~mB 2ms 

8 (B I Tr)#'Lt~q ~%nt% IBI (9) 
f2mB 2rob 

2In terms of the parameters B and r introduced in ref. [2] 

r = -6L1 
= --2L2/L1 - 1/3 
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8 <BI-bLtaq ~Rtab IB) (10) 
6 2  - -  f2mB 2mB 

8 (A I bT~Lq ~%Lb IA) (11) 
L1 = f~rnB 2mA 

8 <hi Try~Ltaq-q%Ltab IA) (12) 
L2 - f 2 m s  2 m i  

and the coefficients ai and bi are given by 

value value 
ao +1.00 b0 +0.98 
al -0 .697  bl -0 .173 
a2 +0.195 b2 +0.195 
a3 +0.020 b3 +0.030 
a4 +0.004 b4 -0.252 

The values in the table correspond to opera- 
tors renormalized in a continuum renormalization 
scheme at the scale # = mB. Their matrix ele- 
ments are obtained from those in the lattice reg- 
ularization by perturbative matching (see the ap- 
pendix). 

2. B D E C A Y  

The matr ix elements B1,B2,el ,~2 are com- 
puted on a 243 x 48 lattice at/~ = 6.2 (correspond- 
ing to a lattice spacing a -1 = 2.9(1) GeV) using 
the tree-level improved SW action for three values 
of a = 0.14144, 0.14226, 0.14262 and axe then ex- 
t rapolated to the chiral limit (ac = 0.14315) [3]. 
We find 

B~ = 1 .06±0 .08  (13) 

B2 = 1.01 ±0 .06  (14) 

cl = -0 .01 ±0 .03  (15) 

c2 = - 0 . 0 2 ± 0 . 0 2  (16) 

which implies that  

T(B-)  = 1.03 ± 0.02 ± 0.03 (17) 
T(B °) 

in agreement with the experimental value (3). 

3. A D E C A Y  

The computation the baxyonic matrix elements 
L1 and L2 is a little more difficult. We have per- 
formed an exploratory study in which the light 

quark propagators are computed using a stochas- 
tic method [4] based on the relation 

Mi~ 1 =/[d¢l(MjkCk)*¢ie -¢;(M+M)'jej (18) 

(rather then using "extended" propagators).  
The matrix elements are computed on a 123 x 

24 lattice at ~ = 5.7 (corresponding to a lattice 
spacing a -1 = 1.10(1) GeV) for two values of a. 
We therefore do not a t tempt  an extrapolation to 
the chiral limit (ac = 0.14351) but  present results 
seperately for each value of a. We find: 

L1 = { -0.30 ± 0.03 (,¢ = 0.13843) (19) 
-0 .22 ± 0.03 (a = 0.14077) 

0.23 ± 0.02 (a = 0.13843) 
L 2 =  0 .17±0.02  (a = 0.14077) , (20) 

which implies that  (neglecting the systematic er- 
ror due to the chiral extrapolation) 

T(Ab) _ S 0.91:1:0.01 (a ---- 0.13843) 
(21) 

T(B o) ]. 0.93 ± 0.01 (a = 0.14077) 

These results imply that  spectator effects are not 
sufficiently large to explain the discrepancy be- 
tween the theoretical prediction and experimental 
result in eq. (4). 

4. C O N C L U D I N G  R E M A R K S  

We find that  the matrix elements of the 4-quaxk 
operators (13-16) satisfy the vacuum saturation 
hypothesis remarkably well. A similar feature is 
true for the AB ---- 2 operators which contribute 
to B-/~ mixing. We do not have a good under- 
standing yet of this phenomenon. 

The results for the mesonic matr ix elements 
lead to a prediction for the ratio of the lifetimes 
of the charged and neutral mesons which is in 
agreement with the experimental result in eq. (3). 
Our study of the baxyonic matr ix elements in- 
dicates that  spectator effects axe not sufficiently 
large to explain the experimental ratio of life- 
times in eq. (4). This discrepancy between the 
theoretical prediction and the experimental mea- 
surement remains an important  problem to solve. 
We do stress, however, that  our calculations are 
exploratory, and a more precise simulation is nec- 
essary, in particular to allow for a reliable extrap- 
olation to the chiral limit. 
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Table 1 
Lattice perturbative coefficients and operators 
Pi Pi q~ Qi 
_4 log(A2a 2) + 8.46 3 
- log(A2a 2) + 6.19 

-6.89 
2 log(A2a 2) - 4.53 
log(A2a 2) - 6.19 

-6.89 
- log(A2a 2) + 5.12 

-¼ log(A2a 2) + 1.05 
-2.43 

-bFq~Fb 
~t~rt"q~b + ~rq~t~t~b 
~ta7°F~°t~q~Fb + -bFq~t~°FT°tab 
-~t~Fq~tab 
-bFtaq~Ftab + -bt~Fq~taFb 
b F T° ta q~F T° ta b + -bta T°F q~ta T°F b 
bF ta q-~7°F b 
-b F aUV ta q~ta aV U F b 
-br T"ta q~taT. Fb 

+1 bFqbFq 
+1 btaFtaq-~q + bFqbtaFt~q 
+1 -btaT°FT°taq-bFq + bFqbtaT°FT°taq 
-1  -btaFq'btaFq 
-1  ~Ft~q~taFq + ~taFqbFtaq 
+1 -bFT°taqbtaT°F q + ~t~°rq~.~°t°q 
-1  -bFtaq~taq 
-1  -bFau~taq-bFa~Vtaq 
+1 -bFT~'taq-~7~taq 

The analytic expression for Pi can be found in [3]. 
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A P P E N D I X :  l - l o o p  l a t t i c e  p e r t u r b a t i v e  
c o r r e c t i o n s  t o  4 - q u a r k  o p e r a t o r s  

The most difficult component of the evaluation 
of the l-loop perturbative matching between four- 
quark lattice operators and those renormalized in 
a continuum scheme is the perturbative expan- 
sion on lattice. In this appendix we present the 
corresponding results for generic operators P0 and 
Qo (whose matrix elements contribute to lifetimes 
and B-/~ mixing respectively): 

Po - ~rq ~Fb, (AB = 0) (22) 

Qo = bFqbFq, (AB = 2) . (23) 

F®F represents an arbitrary spinor and color ten- 
sor. These operators mix under renormalization 
with other 4-quark operators, listed in table 1 3: 

~s(a -1) 
Po l l ° ° p  = P0 + 4 ~  E P i P i  (24) 

i 

Ql,OOp as(a-l)  ~'~piqiQi . (25) 
o = Qo+ 4 ~  

i 

aThese results  were also obta ined independent ly  in ref. [6]. 

The Feynman rules correspond to the tree-level 
SW-improved action for massless light quarks and 
with a small gluon-mass (A) as the infrared reg- 
ulator. The dependence on A, of course, cancels 
when the corresponding continuum calculation is 
combined with the lattice one. 
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