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Abstract 

Several physics aspects of the Seiberg-Witten solution of N = 2 supersymmetric Yang-Mills theory with SU(2) gauge 
group, supplemented with a small mass term for the “matter” fields which leads to an N = 1 theory with confinement, are 
discussed. We find in particular that in the massive (confining) theory the low energy physics has an exact CP symmetry, 
while in a generic vacuum in the massless theory CP invariance is broken spontaneously. 

In a celebrated work [ l] Seiberg and Witten ex- 
ploited the (generalized) electromagnetic duality, N = 
2 supersymmetry and holomorphic property of effec- 
tive actions, to solve exactly a strongly interacting non 
Abelian theory in four dimensions, i.e., to compute the 
vacuum degeneracies, and in each vacuum, to deter- 
mine the exact spectrum and interactions among light 
particles. 

An especially interesting observation of Ref [ 11, 
made in the pure N = 2 supersymmetric Yang-Mills 
theory with SU( 2) gauge group, is that upon turning 
on the mass term 3 / d28 Tr mQ2, m < A, the light 
magnetic monopole field condenses, providing thus 
the first explicit realization of the confinement mech- 
anism envisaged by ‘t Hooft. [ 21 In this note we wish 
to make some further observations on this model. 

1 E-mail: KONISHI@GE.INFN.IT. 
2 E-mail: df144023@ipifidpt.dili.unipi.it. 

3 We follow the notation of Ref [ 1 I. 

There are in fact several related questions which 
to our knowledge have not yet been discussed fully. 
Why do the vacua in the massive (confining) the- 
ory correspond precisely to those points of the quan- 
tum moduli space (QMS) of the N = 2 theory where 
the magnetic monopole becomes massless? Usually, 
one expects that a dynamically generated mass in a 
non Abelian theory with scale A is of the order of A, 
while in this model the mass gap is of the order of 
m’/2A’/2/ log’i2( A/m) (see below). Why is that so? 
Is the CP invariance spontaneously broken at low en- 
ergies? Does the oblique confinement [ 21 take place? 
Do dyons condense? What is the relation between the 
Seiberg-Witten effective action and the more specu- 
lative (but supposedly exact) effective superpotential 
constructed for the N = 1 theory with the “integrating 
in” procedure? [ 31 Finally, has all this got anything to 
do with what happens in an N = 0 theory of interest 
such as QCD? 

A first general remark is that one is here dealing 
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with a system with large vacuum degeneracy, intact 
after full quantum corrections are taken into account. 
This vacuum degeneracy is (almost) eliminated by 
the mass perturbation, s d* 0 Tr mm*, leaving only a 
double degeneracy corresponding to the order param- 
eter u = (Tr +*) = &A*. 

As is usual in the standard degenerate perturba- 
tion theory in quantum mechanics, to lowest order the 
only effect of the perturbation is to fix the vacuum to 
the “right”, but unperturbed, one, with N = 2 (hence 
SUR (2) ) symmetric properties. This means that the 
SUR (2) current of the original theory, 

Jz = Tr *8-,ra% (1) 

where * = (3)) is well approximated in the low en- 
ergy effective theory by the Noether currents (of the 
low energy theory) 4 

Jfz =Zjir~~~,7a~~+i(D~S+)7aS_iS+7aD~S, (2) 

where 90 = (2) is the dual of the (color diagonal 

part of) q, and S z (s+ ). In arriving at Rq. (2) 
we identified the high energy and low energy SUR (2) 
groups such that the doublet (2 ) transforms as (3 ) . 

Let us consider the current-current correlation func- 
tion 

i d4Xe-iqx s (Ol~{J;<~>J;CO>)lO) 

(3) 

and an associated R-like ratio, 

R = Disc&I(q*), (4) 

appropriately normalized (by introducing hypothetic 
“leptons”). At high energies R just counts the number 
of A and + “quarks” (asymptotic freedom), apart from 
calculable logarithmic corrections as well as an infinite 
number of not-so-easily-calculable power corrections 
(involving gluonic and higher condensates) : 

Q>>,Q = 6 + 0(4q2h4/A4). (5) 

4The effective low energy action is [l] &Im [ Jd40 
(S(AD)/~AD)&I + Sd26(a2F(A~)/aA~)W~W~/2], with 
the addition of the standard terms for the magnetic monopole 
sector, Mte”o M + &te-“ofil~ + &A&fjwI~ + h.c. The mass 
term is given by s d*B m 9* + h.c. = s d*O m U( AD) + h.c. 

At low energies, the same quantity is simply given 
by the weakly interacting dual fields and magnetic 
monopoles, 

where two out of three comes from the contributions 
from AD and en (one each) and one from M and fi 
(one half each). This amounts to an exact resumma- 
tion of an infinite number of power and logarithmic 
corrections. 

To next order the effect of the explicit SUa (2) 
breaking, 

dp J;I = PTr &FPA = i m Tr A@; 

d’J3 = 

(7) 

~ +Tr (~~,A-@+~~) = f(Tr m+*-h.c.) 

(8) 

must be taken into account. 5 In particular, the 
anomaly of Ref [4] 

mu = m (Tr c$*) = 232~ (Tr A(x) 

hence 

(9) 

(2/32rr)(Tr A(n = fmA*/2, (10) 

as well as the nonvanishing monopole condensation 
(Eq. (12) below) show that the ground state is no 
longer SUR (2) symmetric. Also, the supersymmetric 
Ward-Takahashi like identity 

(Tr $*) = 2m*(Tr c#*c$), (11) 

and the fact that C#J is in the adjoint representation 
hence probably (Tr @+) N cost.(Tr +*) N A*, sug- 
gests that (Tr y?*) N O(mA*) also. 

The strength “Fr” with which light particles are pro- 
duced directly from the vacuum by the SUR ( 2) current 
operators, can be easily read off from the expression of 
the low energy currents Eq. (2). Let us recall that upon 
turning on the mass term the vacuum is found to be 

5 Although we are discussing here the first order mass conections 
in a degenerate perturbation theory, many crucial relations are 
exact due to the nonrenormakation theorem (the form of the 
superpotential, etc) . Most results below, in particular the exact CP 
invariance of the low energy theory, should survive higher order 
corrections which affect only the D type terms. 
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fixed at A D = 0, u = A2 as noted by Seiberg and Wit- 
ten. [ 11 The superpotential fiA&fM + m U( AD), 
minimized with respect to AD, k and M, indeed yields 
AD = 0 and the magnetic monopole condensation, 

(M)=(Q)= (-mU'(0)/JZ)'/2. (12) 

Expanding the magnetic monopole fields around its 
vacuum expectation value 

M=(M)+M’, k=(M)+ti’, 

one finds that 

(13) 

F; w Fi N (M) =O(m'f2A'/2). (14) 

Also, it is easy to see that the three light bosons pro- 
duced directly by the currents are (to lowest order) 
the real and imaginary parts of M - A? and the imagi- 
nary part of (M+) (M + Kf), apart from normalization. 
(Actually, a linear combination of the real and imagi- 
nary parts of M - I@ becomes the longitudinal part of 
the dual vector boson by the Higgs mechanism.) 

As for the masses of the light particles, they can be 
studied most easily from the fermion bilinear terms 
arising from the Yukawa interaction terms upon shift- 
ing the magnetic monopole fields (Eq. ( 13) ) . It reads 

LY = JZ[-&f+)A~(thf -&I 

+ (M)@D(@& +bf)l + :u”(o)@DtiD 

-k &![ -h~f’~ADt,hf + fi’+/\D$fi 

- (AD&u$~ + $D@MM’ + (Ir~h~fi’) 1 

+ F(U.I(AD) - U"(O))+&D + h.c. (15) 

A subtle point in reading off the masses from 
EQ. (15) is that since the fields Ao and $o do not 
have the canonical kinematic terms, they must be 
re-normalized by ho + g&o; $n d g&o. (In the 
formula (2) for the low energy currents such a rescal- 
ing has already been done.) In doing so the argument 
of the dual coupling constant go should be taken as 

(m/A) *I2 and not ao = 0, since in the massive theory 
there is an infrared cutoff. (Such a replacement should 
automatically take place if the perturbation in m is 
pushed to higher order. An analogous phenomenon 
is known in the old chiral perturbation theory due to 
the small pion mass.) This explains the log(A/m) 
dependence of the masses below. 

From Eq. ( 15) one sees that the fields Ao and $2 = 
(#M - @a ) / fi form a Dirac type massive fermion 
with mass 

ml = [&(M+)I =2jgD '(xhmn)'/21 

4. 23/4r[mA[‘/2 

= logIl IA/ml ’ 
(16) 

while in the subspace of two Weyl fermions @D and 
91 - ( $M + $M ) / fi the mass matrix reads 

q@“(O) /2 go 04) 
gDt”) > 0 ’ 

(17) 

where U”( 0) = -l/2. The phases of these matrix el- 
ements can be chosen all real and positive by an ap- 
propriate phase rotation of the $o and @i fields (more 
about these phases below). A real symmetric matrix 
can be diagonalized by a real orthogonal matrix, lead- 
ing to mass eigenvalues 

m2,3 N y(mA11/2 f kS/rnl, 

where 

(18) 

$D “-; y=21/4gD; go = 
2&r 

log1/2 ) A/ml ’ 
(19) 

In spite of the fact that the light particles have mass, 
rn= N 0(m’/2A’f2/log’/2(Alm)) << A, and F, # 
0, these bosons cannot be interpreted quite as pseudo 
Goldstone bosons.6 If one attempts to write the 
Dashen like formula [5] by saturating the current- 
current correlation functions such as Eq. (3) (at 
q2 < mA) by the lowest lying particles, one finds that 
the pole term does not actually dominates. The usual 
pole enhancement as compared to the continuum con- 
tribution (by a power of A/m ) is here compensated 
by the suppression Fz = O(m), hence the pole term 
and continuum contribute both as 0(m2), and are of 
the same order as the right hand side m(Tr e2) + h.c. 
which is also one power of m down as compared the 
standard Dashen’s formula, due to the supersymmet- 
ric Ward-Takahashi like relation Eq. ( 11) . Also, from 
Eq. (15) one sees that the particles (AD, WD) be- 
come massive only through mixing with the magnetic 

6 We thank M. Testa for discussions on this issue. 
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monopoles. Since N = 1 theory is expected to con- 
fine, with all particles massive, the two N = 1 vacua 
could not be anywhere else in the QMS of N = 2 
theory, except at the two singular points u = *A*. 

Exactly the same physics arises if one starts with 
an effective action with the ( f 1, f 1) “dyons”, A, N, 
coupled to AD + A fields: one finds that the introduc- 
tion of a small mass term fixes the vacuum to be at 
AD + A = 0 (u = e+iffA2, 8,~ = -27r). Because of 
the Witten’s effect (q is the observed electric charge, 
n,, n, are the integer quantum numbers labelling the 
particles) 

9 = ue + (t%ff/2~)%l, (20) 

the ( 1,l) particle (which would be massive at u = 
+A* but massless at u = &“A*) actually becomes a 
pure magnetic monopole there and condenses, leading 
to confinement of the color electric charges. After a 
redefinition of the low energy fields by AD + A --f AD 
(which is an allowed SL( 2,Z) transformation) and a 
relabelling of the quantum number n, + nc - n,, the 
theory in this vacuum becomes even formally identical 
to the case u = A* studied above. Thus the “dyon 
condensation” does not occur in this model, contrary 
to such a statement sometimes made in the literature. 
We may therefore limit ourselves here and below to 
the u = A* vacuum without losing generality. 

In view of the light spectrum found here let us com- 
pare the massive Seiberg-Wrtten effective low energy 
theory to a more ndive guess for the structure of the ef- 
fective action, constructed by introducing just two chi- 

ral superfields U = Tr @* and S G &Tr WW and by 
using the so-called “integrating-in” procedure, which 
leads to the superpotential [ 31 

Slog: + mU. (21) 

Eq. (2 1) is such that the anomalous transformation of 
the action, 4cr(~/32~)FP,~py (under (IJ --) e”(D), 
is formally reproduced. Such an “effective action” 
yields upon minimization of the scalar potential, 
also the correct results, u = (Tr Q*) = &A* and the 
anomaly IQ. (9). Nonetheless, it is an incorrect low 
energy action in this theory, as it does not contain 
light particles with mass N ml/*A’/*. The reason for 
such a failure seems to lie in the fact that the global 
SUR (2) symmetry (and its small induced breaking) 

in the limit of m/A 4 0 has not been taken into 
account properly. 

It is of particular interest to study the way CP sym- 
metry is realized in the massless (N = 2) and in the 
massive (N = 1) theories, and the relation thereof. 
Although one expects no dependence on the bare 0 
parameter even in the presence of the Q, mass term 
since in the original theory there is a massless charged 
fermion (A), 7 CP symmetry is realized at low ener- 
gies in the Coulomb phase (massless case) and in the 
confining phase (massive case) in different ways. In 
the massless theory, the 8 independence is assured by 
the property of the exact Seiberg-Witten solution, 

(22) 

in the following sense. A shift of 8 by A0 causes the 
change in A as 

A --f eiAe/“A. (23) 

A depends on 8 this way since it depends on the bare 
coupling constant and bare 0 parameter through the 
complex “coupling constant” r = 8/2r + 4rri/3. [ 61 
But if we now move to a different vacuum by 

U _, eiA@/*U 

the net change is 

(24) 

a + ,ih@/4,; ao + eiA@/JaD : 

a common phase rotation of a and ao. 

(25) 

Thus all physical properties of an appropriately 
shifted vacuum u with a new value of 0 are the 
same as in the original theory. In particular, the full 
spectrum 111, 

M = JZjn,ao + n,al. (26) 

as well as the low energy coupling constant and vac- 
uum parameter are seen to be unchanged, since 

7 We thank S. Hsu for pointing out an error in this regards which 
appeared in the original manuscript. 
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Fig. 1. Mass spectrum of some stable particles with magnetic 
chatgeintheN=2theoryasuvtiesasu=einA2, ~=O-+P. 
The numbers near each curve indicate (n,, n,). The unit of mass 
is 4jA//a. 

(27) 

In other words, the ensemble of theories represented 
by the points of QMS, taken together, is invariant un- 
der 8 --f 8 + A8. 

(The above argument may be inverted: the invari- 
ance of the theory under Eq. (23) and Eq. (24) can be 
interpreted as an indication that the anomalous chiral 
V( 1) transformation property of the theory is indeed 
correctly incorporated in the low energy action.) 

On the other hand, at fixed generic u, physics de- 
pends on 0 (as well as on the bare coupling constant 
g) non trivially: this is so because the CP invariance 
is spontaneously broken by u = (Tr Q2) # 0. Equiv- 
alently, at fixed given bare parameters there are the- 
ories with different value of u and with inequivalent 
physics. For instance, the spectrum of some stable par- 
ticles depends on u (hence on the effective low energy 
coupling constant geti and the theta parameter e,,), 
if u is smoothly changed along a semicircular path 
a _ &an2 , ff= 0 + T, as is illustrated in Fig. 1. * 
Note in particular the periodicity of the spectrum in 
6,~ with periodicity 2~, in spite of a nontrivial spec- 
tral flow. Also, the theories at u = fh2 are charac- 

*It is important that such a path is taken outside the curve 
on which the ratio so/a is real and on which the spectrum 
changes discontinuously, some stable particle becoming unstable, 
etc. According to Ref [7] it is a near ellipse included entirely in 
the unit circle Iuj = [A*[ except at the points u = &A*. 

terized by the fact that Ben = 0 (or f27r which is the 
same as 0 because of the periodicity ) . 

Consider now the massive theory. Upon turning on 
the mass term (even infinitesimal) the vacuum is fixed 
at AD = 0, u = A2 in which the effectivelow energy 
vacuum parameter &n takes the value zero. Nonethe- 
less, since u Z 0 (as in other vacua in the Coulomb 
phase) and also (M) f 0, one might wonder whether 
CP invariance is broken spontaneously at low ener- 
gies. In fact this does not occur. 

To see that the low energy theory has indeed an 
exact CP invariance, let us go back to the Yukawa 
Lagrangian Eq. ( 15). By using Eq. ( 12) and the fact 
that U’(0) = -2iA; A = eie/4)AJ, and V”(O) = -l/2 
one sees that the only nontrivial phases appear in m 

and (M), 

m = P/ml, (M) = PI(M)l; ct = argm, 

j3 E 1r/4 + arg m/2 + 018, (28) 

as well as through the expansion of U”( AD) - U”( 0) 
in powers of AD/A. From the exact Seiberg-Witten 
formula for ao (u) (Eq. (22) ) one finds by a change 
of the integration variable that 

ap i -=_ 2 (-)‘T2(n + l/2) (u/A2 - l)“+’ 

A =n=O 2”f’(n + l)!n! 

(29) 

with an overall factor i on the right hand side. By 
inverting the series one gets 

U(AD) = A2( 1 + f(AD/iA) ); 

I” = -f”( &,/iA) (30) 

where f(x) = 2x + ( 1/4)x2 - ( 1/32)x3 + . . . and 
f’(~) = l/2 - (3/16)x + . . . are real functions of 
(possibly complex) variable x. 

Now first make the phase rotations 

$D ---) e 
-ia/2 

*D; 
eM + e-iCP-ff121*M; 

AD + e i(2kw2)Ag; M’ -+ #&f’. (31) 

( +M and it?l’ transforms respectively as $M and M’) . 
These transformations eliminate phases from all mass 
terms as well as from the Yukawa terms involving 
M”s. On the other hand the Yukawa term AD&&~ 
acquires a phase factor exp -2i(p - ~12) = 
exp (-in/Z - i0/4). The final rotation 
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AD --t e ic/2+i@/4AD (32) 

however eliminates this phase from the Yukawa Aerm 
and simultaneously transforms the argument of f (x) 
as AD/in --t AD/[A[, making the expansion coeffi- 
cients of U” (AD) - U” (0) in AD all real. 

Thus the low energy effective theory is indeed in- 
dependent of the bare 8 parameter. More important, 
the spontaneous breakdown of CP invariance a la T.D. 
Lee [8] does not occur, all masses and Yukawa in- 
teraction coefficients being real. The low energy vac- 
uum parameter eeff is zero. This completes the proof 
of CP invariance in the low energy theory. Since the 
low energy physics does not depend on the phase 8, no 
oblique confinement speculated by t’Hooft (conden- 
sation of ( 1,0) -( 1 ,l ) dyon pairs with opposite elec- 
tric charges) [ 2 ] takes place in this model. 

One might be tempted to conclude that, by using 
a similar argument as above, “spontaneous CP vio- 
lation” does not occur a fortiori in the m = 0 the- 
ory either, since Ly is much simpler in this case (no 
explicit mass term, no magnetic monopole condensa- 
tion) . This is not so. First of all, at a generic vacuum 
u # &A2 there is nonzero &ffFp,~@y term which 
breaks CP (this is also a spontaneous breaking since 
the nonzero &R is due to the vacuum expectation value 
of Re dAD/dA). It is true that one can transform away 
13~8 by an SL( 2, R) transformation of the scalar AD --) 
AD+(%&~)A; A + A, which leaves the rest of the 
effective Lagrangian invariant. Such a transformation 
however introduces the Yukawa term of the form 

&{AD + (&T/WA} +MQ$ (33) 

Since the condensates (AD) and (A) are in general 
relatively complex, no phase rotation can eliminate the 
phases completely from the Lagrangian: CP invariance 
is broken spontaneously in this case. It is interesting 
that the above shift of the dual scalar AD transforms 
Witten’s boundary effect Eq. (20) - the electric charge 
of the magnetic monopole, 6&/2rr, - into the standard 
(albeit mutually non-local) minimal couplings of M 
with AD, and A,, as can be seen from the N = 2 
supersymmetric completion of the Yukawa interaction, 

Eq. (33). 
One thus reaches an amusing conclusion that the 

massless theory depends (in a given vacuum) on the 
B parameter, while the massive theory is independent 
of it! 

The low energy CP invariance and non-renor- 
malization of the B parameter in the massive case may 
be closely connected to the phenomenon of confine- 
ment. According to ‘t Hooft [ 21, the confinement is a 
sort of dual superconductivity, due to the condensation 
of (color) magnetic charges. Now if the dynamics of 
magnetic condensation were such that the magnetic 
monopoles must have rigorously zero electric charge 
to be able to condense, then it would follow that by 
Witten’s formula Eq. (20) the low energy 8 param- 
eter would have to be exactly zero. (For somewhat 
related ideas see Ref. [9] .) Apparently this seems 
to be what happens in the massive Seiberg-Witten 
model. However, since the independence of the low 
energy theory on the bare 8 parameter is due to the 
presence of a massless fermion in the original model, 
an aspect probably not shared by the ordinary QCD, 
it is not clear whether the massive Seiberg-Witten 
model can be regarded as a good model of solution 
of the strong CP puzzle. 

Let us conclude with a general comment. The bare 
0 parameter (which can be set to zero) is renormal- 
ized in the infrared by multi-instantoneffects (or loops 
of dyons in the dual variables) differently in various 
vacua, i.e., to a nonzero value in a generic vacuum 
of the N = 2 theory, to zero in the confining phase 
(N = 1 theory). Precisely these instanton effects are 
responsible for maintaining at any scale the duality re- 
lation ro = -l/r, r = e,E/27r+4?ri/&, which gen- 
eralizes the Dirac’s quantization condition [ lo] ge = 
2rn, n=0,1,2 ,.... Note how an old puzzle related 
to the Dirac’s quantization condition (how to main- 
tain the quantization condition for g and e which are 
both U( 1) coupling constants hence which get renor- 
rnalized smoothly in the same direction as the scale is 
slowly varied?) [ 111 is solved in the Seiberg-Witten 
model. The “electric” coupling constant g,ff here is 
truly a non Abelian charge and gets renormalized in the 
opposite way compared to the uo ( 1) magnetic charge 
go. This consideration seems to strengthen the idea 
that magnetic monopoles and dyons can appear in Na- 
ture only as composite, solitonic particles in the con- 
text of a non Abelian gauge theory, spontaneously bro- 
ken (or gauge-projected) to a group involving U( 1) 
subgroups. 

One of the authors (K.K.) thanks LPTHE, Centre 
d’Orsay, Universitt de Paris-Sud where his study on 
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gani&r and participants of the Kyoto workshop on Su- 
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